ETALE GROUPOIDS, ETA INVARIANTS AND INDEX THEORY 

ERIC LEICHTNAM AND PAOLO PIAZZA 

Abstract. Let F be a discrete finitely generated group. Let M ^ T be a F-equivariant 
fibration, with fibers diffeomorphic to a fixed even dimensional manifold with boundary Z . 
We assume that F ^ M ^ M/F is a Galois covering of a compact manifold with boundary. 
Let (D^ (9))g^T be a F-equivariant family of Dirac-type operators. Under the assumption 
that the boundary family is L^-invertible , we define an index class in Ko{C'^{T) xi^ F). 
If, in addition, F is of polynomial growth, we define higher indeces by pairing the index 
class with suitable cyclic cocycles. Our main result is then a formula for these higher 
indeces: the structure of the formula is as in the seminal work of Atiyah, Patodi and 
Singer, with an interior geometric contribution and a boundary contribution in the form 
of a higher eta invariant associated to the boundary family. Under similar assumptions we 
extend our theorem to any G-proper manifold, with G an etale groupoid. We employ this 
generalization in order to establish a higher Atiyah-Patodi-Singer index formula on certain 
foliations with boundary. Fundamental to our work is a suitable generalization of Melrose 
6-pseudodifferential calculus as well as the superconnection proof of the index theorem on 
G-proper manifolds recently given by Gorokhovsky and Lott in 
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1. Introduction and main results 

Connes' index theorem for G-proper manifolds [7j, with G an etale groupoid, unifies under 
a single statement most of the existing index theorems. For this introduction we shall focus 
on a particular case of such a theorem: F is a discrete group acting on an even dimensional 
manifold M and on a compact manifold T; M ^ T is a F-equivariant fibration and the 
action of F on M is free, properly discontinuous and cocompact, thus M/F := M is a 
smooth compact manifold and F — >^ M — >^ M is a F-Galois covering. (This is an example of 
G-proper manifold with G equal to the groupoid T xi F.) 

If T = point and F = {1} we have a compact manifold and Connes' index theorem reduces 
to the Atiyah-Singer index theorem. 

If F = {1} we simply have a fibration and the theorem reduces to the Atiyah-Singer family 
index theorem. 

Finally, if T = point then we have a Galois covering and Connes' index theorem reduces 
to the Connes-Moscovici higher index theorem. 

If dimT > and F 7^ {1}, then Connes' index theorem can be seen as a higher foliation 
index theorem on the foliated manifold, (M, JF), obtained by foliating M by the images of the 
fibers of M — >■ T. Recall that Connes' index theorem can be seen as a cohomological version 
of a K-theoretical statement, namely the Connes- Skandalis longitudinal index theorem for 
foliations |H|. 

In the case F = {1}, T = point (compact closed manifolds), in the case F = {1} (fibra- 
tions) and in the case T = point (Galois coverings), the index theorems mentioned above 
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have been sharpened into local index theorems. For a single closed compact manifold this 
goes back to the work of McKean-Singer, Patodi, Gilkey and many others. In the case of 
a fibration the result is due to Bismut, see [3] [2], whereas in the case of Galois coverings 
the local version of the higher index theorem it is due to Lott, see |j22]- Notice that for 
fibrations and Galois coverings the new proofs make use of the heat kernel associated to 
a superconnection. One of the most interesting outcome of these improved proofs is the 
possibility of extending the index theorem to manifolds with boundary. In the case of a 
single manifold and of a Dirac-type operator on it, such an index theorem is due to Atiyah- 
Patodi-Singer. For families of Dirac operators on manifolds with boundary, the theorem is 
due to Bismut and Cheeger and, more generally, to Melrose and Piazza ( jl] , jS] , |2Z| , EH])- 
Finally, for Galois coverings of a compact manifold with boundary, the result is due to the 
authors of the present article, see [T7], [THl, following a conjecture of Lott 
Geometric applications of these results have been given 

• to the problem of defining higher signatures on manifolds with boundary |2S1 [21] 
and proving their homotopy invariance ^i^, 

• to uniqueness problems in positive scalar curvature pUj . 

• to the problem of cut-and-paste invariance of Novikov higher signatures on closed 
manifolds [13] (see also HSj US] EI]), 

• to the homotopy invariance of the Atiyah-Patodi-Singer and Cheeger- Gromov rho- 
invariants for closed compact manifolds having a torsion-free fundamental group 
r satisfying the bijectivity of the Baum-Connes map for C^^JI" jSlj, a result due 
originally to Keswani ^H] • 

Recently Gorokhovsky and Lott have given a super connect ion-heat-kernel proof of Connes' 
index theorem, see 0, and raised the question of extending such a theorem to manifolds 
with boundary. The goal of this paper is to establish such a result, thus proving a higher 
Atiyah-Patodi-Singer higher index theorem on a G -proper manifold with boundary. Geomet- 
ric applications of our theorem will be considered in a future publication. 

We shall now give a detailed description of the content of this paper. In Section |21 we 
introduce our basic geometric object: a F-equivariant fibration M ^ T with M a manifold 
with boundary, T a closed compact manifold and F M — > M/F a F-Galois covering. 
This is done in Subsection 12.11 In Subsection 12.21 we introduce the groupoid T x F and the 
associated C*-algebra G*(T xi F). The latter is simply the reduced cross-product algebra 
G^{T) XI ,, F and can be described as a suitable completion of the algebraic cross-product 

C-(T) X F = fgie)g} with g ■ := /.(^ ■ g)gh . 

finite 

We next explain how to associate to our F-equivariant fibration M ^ T some natural 
Sobolev (C°(T) XrF)-Hilbert modules -f^rcO(T)xi^r' introduce F-equivariant families 

of Dirac-type operators and explain how such a F-equivariant family V defines a morphism of 
Sobolev (C°(T) xirF)-IIilbert modules HJ^^o^j,-^^^j. ^b'c'^{T)><irT^ ^^^^ done in Subsections 
12. 31 and [2. 41 A F-equivariant family of Dirac operators defines in a natural way a longitudinal 
elliptic operator on the foliated manifold (M, JF); for the sake of completeness we explain 
in Subsection 12.51 the connection between the noncommutative framework just explained 
and the one associated to such a longitudinal operator on (M, JF). We end Section ITT] 
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introducing our basic assumption on the family of operators, denoted Vq, induced on the 
boundary by a F-equivariant family of Dirac operators P; this is an invertibility assumption. 
We also draw some important consequences out of this assumption for the morphism of 
(CO(T) r)-Hilbert modules defined by Vq. 

In Section 01 we develop a F-equivariant fiber-6-calculus on M ^ T and we employ it 
in order to prove that, under our invertibility assumption, a F-equivariant family of Dirac 
operators defines an index class in ii"*(C°(T) F). 

Once the index class is defined we need a way to extract numerical invariants out of it; 
these are the higher indeces. Our main concern is then to prove a Atiyah-Patodi-Singer- 
type formula for these higher indeces, equating a higher index with the sum of an interior 
geometric contribution and a boundary contribution. 

In order to orient the reader, we recall the structure of these index theorems in the three 
special cases considered above. To fix the notation we assume that we are in the spin context 
and that our operators are Dirac operators acting on spinors. 

If T = point and F = {e}, then our (T x F)-proper manifold is simply equal to an even 
dimensional compact manifold with boundary M. In this case the index of the Atiyah- 
Patodi-Singer boundary value problem associated to the Dirac operator D is expressed as 
follows: 



with V'"*" equal to the Levi-Civita connection and ti{Dq) the eta invariant associated to the 
boundary operator Dq. 

If F = {e} then the (T x F)-proper manifold we are dealing with is a fibration 



with fibers diffeomeorphic to a compact spin manifold with boundary Z. liV = {D{6))gQT 
is a family of Dirac operators with invertible boundary family "Dg = {{D{&)o)eeT then there 
exists a well defined index class IndAPs(^^) ^ K^{T) = KQ^C^iT)). We extract higher 
indeces out of this index class by taking the Chern character Ch(IndAPs('P)) ^ H^j^{M) and 
coupling it with the homology class [$] G (M, M) defined by a closed current $ . The 
index formula can already be given at the level of Chern character and reads: 



with TjiVo) G VL*{T) := C°°{T, A*T) the Bismut-Cheeger eta form defined by the boundary 
family, Ty(M) the vertical tangent bundle to the fibration and a certain connection on 
it. Notice that the right hand side of the index formula involves smooth differential forms. 

If T = point, then our (T x F)-proper manifold is a Galois covering F — M — > M of 
a compact manifold with boundary M and the analytic object of interest to us is a F- 
invariant Dirac operator on M; we keep denoting this operator by V. Under an invertibility 
assumption on the boundary operator Vq there is a well defined index class IndAPs(I^) G 
Kq{C*T). The reduced group C*-algebra plays the role here of the continuous functions on 
the base of the fibration. As explained in [221 this analogy can be pushed much further: 




Z 



M 



T 
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thus there exist a "smooth" subalgebra Sp, 

playing the role of the C°° function on the base of the fibration, and an algebra of "smooth" 
noncommutative differential forms Q^:{B^). Under our invertibility assumption there is a 
well defined higher eta invariant rj{T>Q) associated to the boundary family T>q, an element in 
VL^.iB'^) modulo the closure of the graded commutator [Vt^,{B^),VL^{B'^)]. The higher eta 
invariant was defined by Lott in j2ZI under the assumption that F is of polynomial growth. 
For the general case see and the Appendix in |19j . The "smooth" algebra B'^ is in 
fact dense and holomorphically closed in C*F, so that K^,{B^) = -ft'*(C*F). The graded 
differential algebra fl^:{B^) defines noncommutative de Rham homology groups H^{B'^) 
and there is a well defined Chern character Ch : K^,{Bf) = K^{C*T) H^{B^), see 
[T^ . One defines higher indeces for V by pairing the Chern character of the index class, 
Ch(IndAPs(^^)), with an element in the cohomology of B^, i.e. with a closed graded trace 
$ on The result proved in fT^ (see also Appendix) gives a formula for these 

higher indeces; the formula already holds at the level of Chern character, as an equality in 
H*{B^), and reads 



Ch(IndAPs(I?)) 



in E,{B 



with ijj G r2*(M)(8>f2*(CF) an explicit bi-form, see [22! ■ ■'■^ particular, if $ is a closed graded 
trace on VL^iJS^) then the higher index Ind$(r') :=< Ch(IndAPs(^^))5 \^\ > is well defined, 
ujij, :=< cj, $ > is a smooth differential form on M, < rj{T>Q), $ > is also well defined and 
the following formula holds: 

(1) Indc(P) = [ A{M, V^^) Au;^-l< vi'Do), $ > • 



We now back to the general case addressed in this paper: M ^ T is a F-equivariant 
fibration, F — M — M is a Galois covering of a manifold with boundary and T> = {Dg)g^j' 
is a F-invariant family of Dirac operators. On the basis of the last two examples it is clear 
that in order to develop a higher Atiyah-Patodi-Singer index theorem we need first of all to 
fix a "smooth" subalgebra T°°, 

C°°(T) X F C T°° C C\T) X, F , 

together with an algebra of smooth noncommutative differential forms. These two steps are 
in fact already necessary in the closed case, in order to develop a local higher index theory: 
we can thus follow closely the work of Gorokhovsky and Lott, although, for technical reasons 
having to do both with the convergence of the higher eta invariant and the construction of a 
suitable rapidly-decreasing-parametrix, we need to assume that F is of polynomial growth. 
(For more on this, see the last remark in subsection 14.21 ) The "smooth" subalgebra T°° 
is then defined in terms of infinite sums Ylgi^r f 9(^)9 with a growth condition on the 
coefficients fg{e) G C°°(T): 

sup (|/,|(l + ||^?||)^)<oo VAT. 
eeT,3er 
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The noncomutative differential forms fi(T, B^) are defined in terms of infinite sums 

X] "90,91,- ,gi9odgi ■■■dge, ag^^g^^... E n''{T) 

with a similar growth condition on the differential forms «go,9i,- - ,9f ^ ^''{T) and with the 
product taking into account the fact that F acts on T. All this is explained in Section El 
The higher eta invariant associated to the boundary family Vq, denoted r/<e>(^^o)5 is an 
element in fl^^^e>(T, B^) (modulo graded commutators), the subalgebra of elements 

gogi-ge=e 

concentrated on the trivial conjugacy class. The definition of r/<e>(I^o) employs the Gorokhovsky- 
Lott superconnection, the heat kernel associated to it and a suitable supertrace; the lat- 
ter is defined on the space of F-invariant families of smoothing operators with fl^,(T,B^)- 
coefficients and has values in fi,,, <e>(T, Sp) (modulo graded commutators). Let $ a closed 
graded trace on Q(T,B^); we assume that $ is concentrated on the trivial conjugacy 
class, i.e. that it is non-zero only on the subalgebra Q^^^e>{T, B^). Then the number 
< rj^e>(J^o)y $ > is well-defined. One can also define a higher index Ind$(P). If F acts by 
isometries on T, then T°° is stable under holomorphic functional calculus and the definition 
of Ind$(P) proceeds in a way similar to Galois coverings, i.e. through a noncommutative 
Chern character a la Karoubi. We explain all this in Section I?] and in Appendix C we prove 
the following higher Atiyah-Patodi-Singer index formula: 

there exists an explicit current on M := M/F such that 

(2) Ind<,(P) =< 1(T^, V^^'^),a;* > < v^e>{Vo),^> . 

In the first summand on the right hand side the pairing between differential forms and 
currents appears. 

If F does not act by isometries then the definition of higher index Ind$(X>) is more involved 
and the proof of formula El much more complicated. The definition is based on ideas of 
Connes ([7], page 229), Nistor |32j and Gorokhovsky-Lott; the proof is based on arguments 
used by Gorokhovsky-Lott in order to prove the local version of Connes' index theorem and 
on 6-calculus techniques developed in Sections Uni and El of the present paper. The proof of 
formula 121 occupies all of Section IHl 

The next section of the paper, SectionjTUl is devoted to a generalization of the above results 
to general G-proper manifolds, with G an etale groupoid satisfying a suitable polynomial 
growth condition. We employ such a result in order to establish a higher Atiyah-Patodi- 
Singer index formula on certain foliations with boundary; this is done in Section ^2 

Finally, in Appendix A we define the rapidly decreasing 6-calculus, in Appendix B we 
define the space of 6-smoothing operators with differential form coefficients and in Appendix 
C we give a proof of our theorem in the isometric case. 

Acknowledgements. It is a pleasure to thank Sasha Gorokhovsky, Vincent Lafforgue, 
Hitoshi Moriyoshi and George Skandalis for useful explanations and discussions. 
Part of this work was done while the first author was visiting the university of Savoie, he 
would like to thank K.Kurdyka for the kind hospitality. The paper was completed while the 
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2. F-equivariant fibrations 

2.1. Geometric data. 

Let r be a finitely generated discrete group. Let T be a smooth closed compact connected 
manifold on which F acts on the right. Let M be a manifold with boundary on which F 
acts freely, properly and cocompactly on the right: the quotient space M = M /T is thus a 
smooth compact manifold with boundary. We assume that M fibers over T and that the 
resulting fibration 

vr : M^T 

is a T-equivariant fibration with fibers 71^^(6), 6 G T, that are transverse to dM and of 
dimension 2k. Notice that each fiber is a smooth manifold with boundary; we shall also 
denote the typical fiber of vr : M T hy Z. We choose a F-invariant exact 6-metric [211 
on the vertical 6-tangent bundle ^TZ. Finally, we assume the existence of a F— equivariant 
spin structure on that is fixed once and for all. We denote by M the associated 

spinor bundle. 

The compact manifold with boundary M inherits a foliation JF, with leaves equal to the 
image of the fibres of tt : M ^ T under the quotient map M ^ M = M /T. Notice that 
the foliation is transverse to the boundary of M. 

Example. Let X be a compact manifold with boundary and let F — > X — > X be a Galois 
cover of X. Let T be a smooth compact manifold on which F acts by diffeomorphisms. We 
consider M = X x T, vr = projection onto the second factor, M = X Xp T := (X x T)/F 
where we let F act on X x T diagonally. The leaves of the foliation are the images of the 
manifolds X x {6}, 6 E T. The foliated manifold {M,J-') is usually refered to as a foliated 
T-bundle. 

As a particular example of this construction consider a closed smooth closed riemann surface 
S of genus g > I and let F = 7ri(S), a discrete subgroup of PS'L(2,M). Let {pi, . . . ,pk} 
points in S and let Dj C S be a small open disc around pj. Let D = Uj^iDj. Then we can 

consider X := Ti\D, T X ^ X the Galois cover induced by the universal cover — S, 
T = S^, with F acting on by fractional linear transformations. 

2.2. The groupoid T x F. 

We consider the groupoid G = T x F with set of morphisms G^^^ = T x F and base 
Qio) _ fjj^g range and source maps are respectively given by: 

\/i9,g)ETxT, r{9,g) = 9, s{e,g) = e-g. 
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The composition is defined as follows: 

{e,g)-{e\g') = {e,gg') if 9' = Og . 

The inverse of {0,g) is {6g,g~^). For more about groupoids we refer the reader to [7]. 

The algebraic cross-product C^{T) xi T is, by definition, the set of functions ^ggr^5(^)f 
such that only a finite number of the tg{-) G C^{T) do not vanish identically. We shall 
identify any function / having compact support 

/ : T X r ^ C 

{e,g)^f{e,g) 

with J2geT fi.^y9)9- Then one has: 

E /'(^' 9')9' ■ E /(^' = E ( E /'(^' /(^ ■ (ar'h)] h 

g'ev ger feer Vger / 

where where we recall that 

g'-{f{e,g)g) = f{e-g',g)g'g. 

The algebraic cross-product C^{T) xi F will also be denoted by C^(T x F). One can 
introduce the reduced C*-algebra C*(T xi F) associated to the groupoid T x F as a suitable 
completion of the algebraic cross product C^(T) x F. See jTj. It is well known, and easy to 
check, that there is a natural isomorphism between the reduced C*— algebra C*{T x F) of 
the groupoid T x F and the cross-product algebra C°(T) x^ F (see, for example, [HD]) ; we 
shall henceforth identify these two C*-algebras. 

What we have described is an example of a proper cocompact G-manifold P with G an 
etale groupoid, see (page 137) for the definition. In our case 

G = TxF, G(°)=T, {a: P ^ G^°^) = {71 -.M ^T). 
We shall deal with the general case in Section ITUl 

2.3. F-equivariant families of operators. 

We consider a F-equivariant complex hermitian vector bundle V ^ M endowed with a 
F— invariant 6— hermitian connection V satisfying Vxd^ = on the boundary dM. We then 
set E = <^ V = © E~ which defines a smooth F— invariant family of Z2— graded 
hermitian Clifford modules on the fibers 7r~^(^), 6 E T. We then get a smooth family of 
F— invariant Z2— graded Dirac type operators 

acting fiberwise on C^{M, E). Moreover in a collar neighborhood (~ [0, 1] x 871^^(6) = 
{{x,y)}) of d7i~^{9) we may write: 

D+{e) = a{xdx + Doie)) 

where Dq{9) is the induced boundary Dirac type operator acting on 

c-id^-'ieiE^ ). 

^diT '-{9) 
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Observe that our family can also be thought as a longitudinal operator on (M, JF) acting on 
the sections of E := E/T. 

2.4. C;{T X r)-Hilbert modules. 

We shall now describe how the F-equivariant family {D{9))g^T defines a C{T) x^F— linear 
operator on suitable C{T) xi^. F— Hilbert modules. 

Recall that is a F— equivariant hermitian vector bundle over M so that for each {g,p) G 
F X M there is a unitary linear map Ug^p : Ep.g Ep. Then we endow C^{M, E) with the 
structure of a left C^{T) x F— module by setting for any s G C^(M, E) and ^^gr /(•' 9)9 ^ 
C^{T) X F 

(3) VpGM, (j2f(-9)9-s]{p):=J2f{n{p),g){Rls){p) 

where = Up^g{s{p ■ g))] observe that _R* o R*, = R*^,. 

Lemma 1. The family of Dirac operators {D{6))0^t acting fiberwise on C^{M , E) defines 
a left C^{T X T) — linear endomorphism V of C^{M,E). 

Proof. Using the above notations we have: 

-DiY^ /(•' 9)9 -s) (p) = J2 f{<P)^9) D{7r{p)){R;s ) (p) 

where we have used the fact that {D{9))q^x is a family of operators, i.e. commutes with the 
natural action of C°°{T). Since the family {D{9))0^t is F— equivariant, the right hand is by 
definition equal to 



which proves the lemma. □ 

Let C^{M, E) the space of sections of compact support vanishing of infinite order at 
dM. We define the C°(T) x^ F— hermitian product of two sections s and s' of C^{M, E) 
by setting: 

(4) {s-s') = Y,{s-s'){e,g)g 

where V(^,^) G T x F: 



{s;s'){e,g) = / < R;^,{s){y);s'{y) >g rfVolt-.(,.^)(y) 

where (iVol^_i(g.^)(y) denotes the b— riemannian density in the fiber. 

We shall sometimes write, more shortly, dVo\^{y) (the domain of integration appears 
already in the integral). With the definition Q one has: 

Lemma 2. 

{t- s;s') = t- {s;s'), Vt G C,°°(T x F) . 
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Proof. We may assume that t = t^{.)'y for 7 G F. Then for any {6,g) & T x T we have: 
(t,(.)7 ■ s; s'){9, g)= I < Rl-.{t,{7,{.))R;s){y)- s\y) >^ dYolUie-^v) 

= t.iTTiy ■ g'')) [ < iR;-.^s)iy); s\y) >g dVot-i(,,)(y) 
but this last term is equal to (s; s'){6 ■ 'y,'y~^g)t^{6) so that 

Y,{t,i-h ■ s; s'){e, g) g = s'){e.i, i-'g)t,{eh {r'g)- 

9& per 
But we can write the right hand side as 

her 

which is equal to 

/ler 

which is exactly t ■ (s; s') as required. The lemma is proved. □ 

Definition 1. The completion of C^{M , E) with respect to the hermitian scalar product 
^ defines a C^{T) x,. T—Hilbert module denoted by ^oi^j,-^^^-^{M , E) . 

Similarly one defines the b-Sobolev spaces -f^^c'0(T)xi r("^'-^) m G Z where the 

L^-condition is defined with respect to the space Diff™^ (M,i?) of F— invariant fiberwise 
6— differential operators of order m. If m > then 

KcoiT).AM,E) = {se LIco^t^^^t{M,E)-Pu G Lj^o(T).„r(Mj)VP G Diff^,(Mj)} 
If m < then 

^rco(T)..r(M, E) = Difr,-;:(M, E) Llco^^^^^AM, E) 
Our F-equivariant family {D{6))0^t defines a morphism 

V : C^{M, E) — > C^{M, E) 
of pre-hilbert (C°(T) F)-modules which extends for each m G Z to a bounded morphism 

We end this section by a useful 

Lemma 3. For each m G Z, the Hilbert-modules H^^o^rp^^ ^{M,E) are standard i.e. iso- 
morphic to 1^{C°{T) XrT). 

Proof. We shall only consider the case m = 0. There exists a positive integer and open 
connected subsets f/j C f/j' of T (1 < i < A^) with the following properties. Each Ui is 
relatively compact in Ui, Ui<i<Arf/j = T, and for each i G {1, . . . , N} the restriction of the 
fibration vr to n^^lU-) is trivial: tt~^{U-) ~ U- x Z. Denote by fi the given F— invariant 
riemannian measure and Vf the volume of a fundamental domain for the action of F on M. 
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Then using an induction argument oni G {1, . . . , A^}, we may find an open connected subset 
W C Z and open subsets V- C tc~^{U[) {I < i < N) with the following three properties: 

1) V/ c^U^xW for each i e{l,...,N} and /i(Ui<,<jvK') < 

2) V7 G r \ {e}, Vz G {1, . . . , N}, ■ 7 n = 0. " " 

3) V7 G r, Vz, J G {1, . . . , iV}, withz ^ J, \// . 7 n V,' = 0. 

Then, for each i G {1, . . . , iV}, we may find a sequence (e;)/gN of elements of i?), 
vanishing in a neighborhood of the boundary, such that for any 6 G and any /, /' G N: 

/ < eKz/); 4iy) >E ^Voit-i(e)(y) = (5,,^. 

Next we consider for each i G {1, . . . , A^} a smooth function 0j G C^{U-) such that 0j = 1 
on Ui and we set for each I G N: 

1 " ■ 

Then, using the above properties, one checks that for any /, /' G N one has 

<6;e/' >=V mc°(r) x,r. 

Then the ^i, I E N generate a closed Hilbert submodule H of L^^o(r)xi^r(^' which is 
isomorphic to l'^{C^{T) xi,. F) and such that 

-^fe,co(T)x,r(^' E) = H® H^. 
The Lemma therefore follows from Kasparov's stabilization theorem, see p. □ 

2.5. Foliations. 

Now, for the convenience of the reader, we connect the noncommutative picture we have 
described above with the more familiar noncommutative picture arising from the foliated 
manifold (M, JF), as in the work of A. Connes. We follow closely Morioshi-Natsume ^T|. In 
this subsection only we assume, for simplicity, that M = M x T, the fibration vr is given by 
the projection tt : M xT —>■ T and the group F acts on the manifold with boundary M (and 
on T) in such a way that the quotient M/F is a smooth compact manifold with boundary. 
So the product foliation M x {6}, 6 E T descends to a foliation on M. We shall assume 
that the F— action on T satisfies the following: 

Condition. For 7 G F, if there exists an open subset U of T such that '~f{6) =6 for any 
9 E U, then 7 is the identity element of F. 

This condition guarantees that the holonomy groupoid G of (M, JF) is Hausdorff and given 
by: ^ ^ 

G-{MxMxT)/T 

where 7 G F acts by (y, z, 9).'') = {y.'j, z.j, 6*. 7). The source map s and the range map r are 
given by: 

^ r{[y,z,9]) = [y,9]^ s{[y, z,9]) = [z,9]. 

Fix a 6— metric on M/F, the lifting to M of this 6— metric induces a left Haar system 
{z/^} on the groupoid G, see jSHl- We now recall the definition of the C*— algebra of the 
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foliation T with coefficient in the hermitian vector bundle E ^ M whose lift to M is E. 
Denote by C^{G,E) the space of all compactly supported smooth sections of the bundle 
{s*{E))* (8) r*{E) vanishing of infinite order at the boundary. The space C^{G,E) has a 
*— algebra structure: 

(/i * /2)(7) = / /i(7')/2(7'"S) du'^^\^'), 

where we recall that := {7 G G;r{j) = x}. Now let \q,9 be the strictly positive 
lifted 6— density on M x {0} and set 

He^Ll{Mx{9]-E^j^^^,^, Xe). 

Then the collection H. — {H0)q^t together with the space of compactly supported vanishing 
near the boundary continuous sections of the bundle E over M x T, defines a continuous 
field of Hilbert spaces over T. The F— action on M x T and E gives rise to an action on Ti, 
denoted by ^ — > 7.^ for 7 G F and ^ a section of Ti. The space Endr(i^) of F— equivariant 
bounded measurable fields of operators K = {K0),Ke G B{Hg), is a C*— algebra, where the 
norm is given by 

\\K\\ = snp{\\Ke\\;eeT}. 
There is a faithful representation p : C^{G, E) Endr('^^) defined by 

V/GCr(G,^), [p{f)ei]{y) = Jfiy,z,e)az)dXe{z), 

where ^ G Hg. The norm closure of C^{G, E) with respect to the norm 

11/11 = = sup{ ^GT} 

is by definition the C*— algebra G*{M, T , E) of the fohation (M, J^) with coefficient E. 

Now we define a right action of C^{T x F) on the space C^{M x T;E) of sections 
vanishing of infinite order at the boundary as follows. 

(e/)(^,^)-^/(^7-\7)e(^7-\^7-'), ^eC^{MxT;E), feG^{TxT). 
A G^{T X F) -valued inner product < .; . > on C7~(M x T; E) is defined by 

<6;6>(^,7)= / <Uz,e)-Uz^,e^)>^d\e{z), 

J Mx{e} 

where < .; . >g is the hermitian scalar product of the vector bundle E. Recall now that 
C^{T X F) is a dense sub-algebra of the reduced C*— algebra C(T) x,. F. Denote as before 
by Ll^Qfj-^^ ^{M X T,E) the G{T) x^ F— Hilbert module obtained by taking the C(T) x^ 

F-completion of C^{M x T; E) with respect to the norm ||^|| = a/|| < C > ||c(T)x,r- 

The fundamental point here is then the following: the left action of C'^(G; E) on -^^ co(T)xr.r 
T, E) given by 

(/*0(y,^)= / f{y,z,e)i{z,e)d\e{z) 

JMxe 
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(where we have used the identification of G with (M x M x T)/r), extends to a faithful 
representation of C*{M,J-',E) and the image of this representation is precisely the space 

lKc(r)x,r(-^^b^c'0(T)>^,r(^^^'-^)) (C(r) x^F) -compact operators on Ll^^,o^j,^^^-^{MxT, E). 
The proof of this fact is exactly as in [31^, Proposition 2.4. 

2.6. Invert ible families. 

We consider a closed F-manifold fibering over T. The fibration vr : N — > T is assumed 
to be F-equivariant and the fibers to be of dimension 2k — 1. One example of this situation is 
given by the boundary dM — » T of a fibration with boundary as in the previous subsections, 
but we want to proceed in full generality now. We endow N with a F-invariant riemannian 
metric and we denote hj d{, ) the induced distance. The group F is assumed to act freely 
properly and cocompactly on so that the quotient := N/T is a compact smooth 
manifold. Moreover we assume that the fibers of vr carry a F— equivariant spin structure 
and denote by 5* ^ the associated spinor bundle. We also consider a F-equivariant 
hermitian complex vector bundle V ^ N endowed with a F— invariant connection. We then 
set F = ® on A^. We get in this way a F-equivariant family (Do(^))eeT acting along 
the fibers of vr : A^ — > T. 

Some of the results in this paper are proved under the following assumption: 

Hypothesis A. There exists a real e > such that for any 6 eT, the L'^ -spectrum of Dq{6) 
acting on L"^ {n^^ (6) , F\ does not meet ] — e, e[. 

Example. 

Let y be a spin compact manifold without boundary and let F — ^ F — > F be a Galois 
cover of Y . Let T be a smooth compact manifold on which F acts by diffeomorphisms. We 
consider A^ = F x T, tt = projection onto the second factor, N = Y T := (F x T)/F 
where we let F act on y x T diagonally. We consider a hermitian vector bundle V on N 
with hermitian connection and its lift V on A^. We denote by Vq the restriction of V 
to y X {^}. We endow V with the pulled-back metric and with the pulled-back connection. 
We now assume that Y admits a metric of positive scalar curvature and we fix such a metric 
qy] we let Qy be the pulled-back metric. Let D be the associated Dirac operator on Y . We 
consider the family 

m = Dy^ 

where on the right hand side we are considering the twisted Dirac operator. This is a 
F-equivariant family; if the scalar curvature of gy is big enough, then, by Lichnerowicz 
formula, we easily obtain that {D{6))g(zT satisfies Hypothesis A. 

We now give a particular example showing the existence of a boundary family satisfying 
Hypothesis A. 

Let F be a finitely presented group. There exists a (2/c-|- l)-dimensional closed spin manifold 
N such that 2A; -M > 7 and F = 7ri(A^). We consider Xi = x N, with the unit ball in 
the standard euclidean space MP. We perform surgery along a submanifold of Xi \ dXi of 
codimension at least 3 and we obtain a manifold with boundary equal to y = S**^ x A^ and 
fundamental group F. Let X be the universal cover of X, let Y = dX and let M = A x T, 
M = (A X T)/F. Fix a hermitian bundle on M and consider its pull-back V to M, as in 
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the example given above. Consider now the family 

m = Dy^ 

with D denoting now the Dirac operator on X. This is a family acting on the section of the 
bundle E = S ®V with S equal to the spinor bundle on X. Let Dq be the Dirac operator 
on y = dX. The boundary family associated to {D^{9))o^t is given by the operator Dq 
twisted by iye)\Qxx{e}- ^-^ ^ metric of positive scalar curvature on Y and let us 

extend this metric to X; if the scalar curvature of Y is big enough then the boundary family 
{Dq{9))0(zt will satisfy Hypothesis A. A particular example of this situation is F = Z'^ acting 
onT — [S^Y, the /c-dimensional torus, by 

(m, . . . , rife) • {e'^\ e'^") = (e^^i+2^'^"i°i, . . . , e^^fc+^iTrn^a^^ 
where ai, . . . ,ak are k fixed irrational numbers. 

Another particular example is given by taking F = 7ri(Sp), where Hg equal to a closed 
riemann surface of genus g > 2. Then one can take T = with F acting by fractional 
linear tranformations. 

We introduce the space \I/*(A^, F) of smoothly varying families of pseudodifTerential op- 
erators along the fibers. The Schwartz kernel of an element P G ^'^(iV, F) is a distribution 
on the fibred product N Xj, N with the usual conormal singularities on the fibre diagonal. 
The space of F-equivariant elements in ^*(A'", F) will be denoted by '$*^{N,F). An ele- 
ment P e ^1{N, F) has compact F-support if its Schwartz kernel has compact support in 
{N x^N) /F: we denote the algebra of F-equivariant pseudodifferential operators of compact 
F-support by ^^^^(iV, F). For example 

{Do{9))eeT e Diff^^(iV,F) C ^\,{N,F). 

It is important to understand what Hypothesis A implies for the C°(T) x^F-hnear operator 
Vq induced by the family {Dq{9)), acting on -^c(T)x^r- 

Proposition 1. 

1] The operator Vq defines a regular unbounded operator on the C^{T) T-Hilbert module 

2] If Hypothesis A holds then this operator is L'^o^r^y^ ^-invertible, with inverse induced by 

the V-equivariant family of operators {Dq{9))^^}q^t- 

3] One can write Dq{9)-^ = A{9) + R{9) with {A{9)}g^T e 'i!\^{N,F) and {R{9)}eeT e 
^^°°(iV, F). Moreover {R{9)}g^T extends to an operator 

n e B(i/-o(^),^r(^, F), H'ao^^^^^AN, F)) 

\/k, m e Z. 

Proof. 1] The fact that Vq defines a regular unbounded operator is standard. 

2] Let us prove that Vq is L^^^^^^p-invertible. Since Vq is regular, we may consider 
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instead of Vq. For each 9 E T let Hg denote the Hilbert space He = L^^n ^6^, 

The collection H = {Hg)0(zT together with C^{N;F) defines a continuous field of Hilbert 
spaces over T. The space Endr('H) of F— equivariant bounded measurable fields of operators 
A = {Ag)g^T {Ag G Hg) is a C*— algebra where the norm is given by: 

Pll =sup{||Ae||, eeT}. 

Moreover, one has a natural inject ive morphism of C*— algebras: 

J:B(L^(^),^r(iV,F))-^Endr(//). 

So for any A G B(L^^y^^^p(A^, F)) the spectrum of A coincides with the one of J{A). Since 
Hypothesis A means that J( ^^^^.^ f ) is invertible we get immediately that Vq is -^c'{T)xrr" 
invertible. 

3] The proof is standard and left to the reader. 

□ 

3. Etale groupoids and the 6-calcuIus 
3.1. The fibre-6-stretched product. 

Recall that we are given a F-equivariant fibration Z ^ M T, with Z a fixed manifold 
with boundary: we follow Section |21 for the notation adopted here. The boundary of the 
model fiber Z will decompose as a disjoint union of connected components: 

dZ = U^eAW 

Thus for each 9 ^ T the fiber 7r^^{6) := Mg has a boundary 

dMg = U^^AWg" 

with Wg diffeomorphic to VT". We consider 

1?" := UgeTiWg") . 

This is a connected component of dM (recall that T is assumed to be connected). 

We shall now define the space that will carry the Schwartz kernels of the operators we 
are interested in. Let 

Mx^M = {{p,p') eMxM\ tt{p) = n{p')} 

be the fiber product of M with itself. This is a fibration over T, with fiber over 6 equal to 
MgxMg. Consider 

B = Ug{U^^AWg" X Wg") 

Definition 2. The b-stretched product of the T-equivariant fibration M ^ T is, by defini- 
tion, the blow-up of M M along B: 

(5) [Mx^M;B] 
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Notice that the 6-stretched product of the F-equivariant fibration M ^ T is exactly the 
fibre-6-stretched product considered in j2Zj, but with a non-compact fibre. On the space 
[M M] B] there is a well defined F-action obtained by lifting the diagonal action of F on 
the fibration M x^M. 

For more on the b-stretched product and on what follows the reader is invited to consult the 
basic reference |26j . 

3.2. The 6-caIculus ^*;^(M,E). 

The small fiber-6-calculus '^1^{M,E) is defined, exactly as in [27], in terms of the fiber 

6-stretched product [M x^^ M;B] and the lifted fiber diagonal Ab^T,. We define the small 
T -invariant fibre-b- calculus as 

(6) njM, E) := {P e n^^iM, E)\RloP = PoRl\/geT} 

The Schwartz kernel of an operator in '^1^{M,E) is a F-invariant distribution on [M 
M,B]. The subspace of operators with Schwartz kernel compactly supported in [M x^ 
M, B]/r will be denoted by ^ J^M^ E); as in the closed case we shall say that elements in 
the latter space have compact F-support. The subspace of 6-differential operators is denoted 
DiSly^{M,E). We have already remarked that the family of Dirac operators {D{9))g^T 
introduced in Section|2l defines an element in Diff^^^(M, E) (Z'^\y^ c(^' 

Let us fix a F-invariant trivialization v of the positive normal bundle N+dM to the 
boundary of dM. Let x G C°°(M) be a F-invariant boundary defining function such that 
dx(u) = 1. Let 

N+dM^dMx [-1,1] 

denote its fibre compactification. The notion of indicial operator and indicial family are as 
in ^26j. The indicial operator of P G \E'™j^(M, E), denoted I{P), is the M^-invariant element 

in '^]^^{N^dM, obtained by restricting the kernel of P to the front face. The indicial 

operator defines a short exact sequence 

(7) Pbf^^jM, E) E)^^^^^jiN^dM, E^^^^) 

with the last space denoting the M+-invariant elements in \E'™^(A^+9M, -E'l^-)- The indicial 

family of P G \&™^(M, E) is obtained by fiber- Mellin transform from /(P), once the trivial- 
ization u has been fixed. It defines an entire map with values F-invariant pseudo differential 
operators along the fibres of dM: 

C3 z^I,{P,z)e^':{dM,E\^^^) 

where \&^(5M, denotes the set of F— equivariant families of pseudo-differential oper- 

ators of order m acting in the fibers of vr : dM T. 
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Proceeding as in ^27j (Appendix) and [TJj (Section 7) we can also define the appropriate 
full calculi with bounds 

%i(M. E) ■= VI/* ^(M, E) + vI/-^''(M, E) + ^-^^\M, E) 

for 5 > 0. Here ^-^''(M,E) is defined as in right after formula (7.3), but with 
[M M, B\ replacing M^; similarly the residual space \E^~°°''^(M, E) is defined as 

(8) pipl,H^,,{M^^M,EME*). 

Remark. We remark as in fn\ (Appendix) that ^^^■'(M,E) can also be obtained by 
doubling [M M, 5] across the front face 6/, thus obtaining Pft/[M x^^ M,B] and then 
declaring that A G '^~^^'^{M, E) if there exists e > and 

A e plt:H^ioc{T^MW X. M, 5]; (E K E*)v) 

such that 

4 1 — — — 4 
^\[MXt,M,B\ ^■ 

In this definition we have used the obvious inclusion [M x^ M, 5] C T>bf[M x^ M, 5]; 
moreover we have denoted by ptot a total boundary defining function for T>bf[M x^r M, i?] 
and by [E M E*)x) the bundle obtaned by doubling E ^ E* across bf. 

The F-invariant elements in \E'^'^(M, ii^) will be denoted by \Ef*'^(M, £'); thus 

(9) *:;t(M, E) := VI/* JM, E) + vl/-^'^(M, E) + vI/;-'^(M, ^) 

The composition rules for these calculi are as in the Appendix of (Theorem 4); notice 
that since the fibres Mg are non-compact, for the composition of two operators P,Q & 
%''^{M,E) to be well defined it is necessary to assume that one of them is compactly 

F— supported. Because of our condition on the support, elements in v]/*'^ Jy-^i ^) 
composed exactly as in Theorem 4 of ([2 7], Appendix). 

The mapping properties of elements in (M, E) are obtained by extending to the 
present context the arguments in j^H]- First of all, by proceeding as in Lemma ^ one can 
check that an element in v|/^^^(M, E) defines a C^{T x F)-linear operator from C^(M, E) 
into C°°{M,E). Moreover, the following Proposition (with proof as in [^) holds 

Proposition 2. Let P G '^'^'^ J^M ^ E) , 5 > Then for each k & Z, P defines a bounded 
operator 

(10) P : H^,cOiT).AM, E) — Hl-^^^^^^^{M, E) 
of Hubert C^{T) x^ T-modules. 
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3.3. Elliptic elements and 6-parametrices. 

The goal of this subsection is to construct a parametrix associated to a F-equivariant 
family of odd Dirac operators D E Diff^ yi{M, E) under the assumption that the boundary 

family Dq satisfies Hypothesis A of Section 2 with = dM . The proof proceeds along the 
lines of the parametrix construction given in [2E]- See also |2ZI and [T7j . 

First notice that D admits a symbolic parametrix Q„ G J^M , E), with odd; is 
obtained by proceeding as in If we write 

^ = (g+ ^0 ) 

we have 

(11) g+D+ = id-^+,,, D+g+ = id-^_,, 

with rests S'_^a- and S'+^o- in '^b'^ci^^^)- Hypothesis A implies the existence of the L^- 
inverse of the indicial family of D^{9), \f6 G T, i.e. the existence of the F-equivariant 
family of operators {{Dq{9) + iX)~^}e^T- We obtain in this way an element {Dq + iX)~^ G 
^^^(9M, By Proposition ^ we know that the family {Dq + iX)~^ extends for each 

A G M to a bounded operator {Vq + zA)~^ on L'^^rp^^^^{dM , -^i^-); moreover, {Dq + iX)~^ = 
Ax+Bx where Ax G "^^^^{dM, -E'l^g) uniformly in A (i.e. the Schwartz kernel of Ax is included 
in a fixed compact K C {dM x^dM)/T) and where Bx is given by a smooth Schwartz kernel 
and extends to a bounded operator Bx from H^^rp^^^^{dM , E\^^^) into -f/'^^^-)^^p((9M, 
for any k,l E Tj. Let us consider the indicial family 

M 9 A ^ (Do + tX)~' o X) = Axo /(5„,., X)+Bxo /(5_,,, A) , 

which is well defined since S-^^ G '^b'^d^'^ ^ '^)- We can take the inverse Mellin transform 
of this indicial family and obtain an element in '^'l^'^f{N^dM , E\^^^); we now consider the 
operator Q' G "^^"^'^ corresponding to this operator via the analogue of ((Tj) for the calculus 
with bounds. The operator := — Q' belongs to \E'^^''^(M; E^ , E~) and defines a right 
inverse modulo pbf^b'^''^; this we call a right 6-parametrix. Notice that 

(12) Pbf*-^''(M J) C vI/-~''(M J) 

Thus provides an inverse of modulo \1'^°°'^(M, i?). Standard arguments (||2^, p. 
185) show that this is also a left 6-parametrix. Thus: if Hypothesis A holds, then there 
exists G ^1'^^'^ such that 

(13) D+g-=ld-5_, Q-D+ = ld-S+, with G 

More information about Q' can be found in the next subsection. 

If P G Diff (M, E) is more generally an elliptic differential F-invariant family, then we 
can find a symbolic parametrix G \I'^™^(M, E), see 0. If, in addition, the indicial family 
of P, /^(P, A), satisfies Hypothesis A uniformly in A, then we can proceed as above and find 
an inverse modulo pu^l^'\M, E) C ^;°°'^(M, E). 
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Summarizing, we have shown that an elhptic element in Diff ™^ (M, E) with invertible indicial 
family, admits an inverse Q E "^^^'^ modulo elements in \E'~°°''^: 

(14) PQ = ld-Ro, QP = ld-Ri, with Rq, Ri e "^^"^'^ 

3.4. The 6-index class. 

The pseudoinverse G "^^^'^ associated to constructed in the previous subsection 
will not be, in general, of compact F-support. The problem comes from the correction term 
Q', which involves the inverse of the indicial family. Indeed, the Schwartz kernel of Q' in 
the case for example of Dirac operators, has the following expression in a neighbourhood of 
the front face and in projective coordinates {s,y,y'): (recall that s = 

(15) K{Q'){x,s,y,y')=4>{x) [ s'^^KUDo + zXy' o I{S,^_, \)){y,y')d\ 

Jr 

where is a given smooth function in C°°{[0, 1]; [0, 1]) such that (f){x) = 1 for < a; < | 
and 0(a;) = for a; > | (recall that K{Q') vanishes identically outside a neighborhood of 
the front face). As a consequence, the rests 5*+, 5*- (where S- = S^- — D^Q') are not 
of compact F-support. In particular, we cannot conclude that S'+,S'_ define (C(T) F)- 
compact operators: more work is needed in order to show that this is indeed the case and 
that there is a well defined index class. 

We state first the result and we devote the next subsection to its proof: 
Theorem 1. 

1] Let D = {D{6)gi=x) a T -invariant family of odd 'L2-gfOided Dirac operators. If Hypothesis 
A holds for the boundary family, then = {D^{6)) defines Vm G N* a C°(T) T-linear 
hounded operator 

which is invertible modulo C^{T) xi^. T-compacts. 

2] There is a well defined index class Ind(i5+) in Kq{C^{T) xi^ F). 

3.5. Proof of Theorem m 

In order to simplify the notation we assume that E is the product line bundle M x C ^ M. 

Lemma 4. Let Q = Qa—Q' he the parametrix constructed in the previous section, with Q^j of 
compact T -support. Then \/m eN, Q extends to a bounded operator from H]^c°{T)-a r("^' ^) 

toKAT).AM.E). 

Proof. Since the Schwartz kernel of is of compact F-support, we know that Q^r extends 
to a bounded operator from H'^^(>frp^^^-^{M , E) to HJ^^^(^j')yi r('^'-^)- Using Proposition [T] 
and the fact that the schwartz kernel of I{S^^^, A) is of compact F-support, one checks in a 
straightforward way that for each A G M: 

is bounded from if^o^y^^^p(9M, E"^) to H^(^^^^^^^{dM, E:^^^). Next we observe that 
near the boundary any element of -^6^70(7-) x, r(^5-^) be written as an element of 
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Ll{[0, 1], L^o(r)xi^r(c^M, Eg^) and that for m G N* any element of if™^o(7^)x,^r(^' ^) inaybe 
written as an element of 

Then using formula one gets easily the Lemma. □ 

Lemma 5. The Schwartz kernel of satisfies K{S-){z, z') = p\^p'l.^K{B!){z, z') for a suit- 
able e > where R' induces a bounded operator from HJ^^o^rp-^^^-^{M, E) to H^^q^j,^^ r(^' ^) 
for any m G N. 



Proof. Recall that = S'^-,- — D^Q' ■ Let ip{z, z') be a smooth real valued function on 
such that ^/'(z, z') = 1 when both x = x{z) and x' = x{z') belong to [0, y^q] "^{^^ = 
when X or x' is greater than 1. The required result is satisfied by the Schwartz kernel 
(1 — ipi^z, z'))K{S-){z, z'). So we are left to prove the Lemma for ip^z, z')K{S-){z, z'). With 
a small abuse of notation we identify K{S-) with its lift to the stretched product. Using 
formula (fTSj) and employing projective coordinates {x,s,y,y') on the stretched product we 
have 

{(3*tlj)K{S.){x,s,y,y') = {P*i,)K{S^^^){x, s,y,y')- 
{I3*^)xd^(t>{x) [ s'^K{{Do + iXr'oI{S^^^,X)){y,y')dX- 

JR 

/ s''K{I{S,,_,X)){y,y')dX. 



with (3 equal to the blow-down map. 

By construction, the indicial family of this operator vanishes identically. Using Propo- 
sition [T] one checks that for each real A the operators {Dq — iX)~^ o /(So-,-, A) belong to 

5(i7^o(T)><,r('9^'-^|9M);^co|T)><,r(^^'^[9M))- Following ^ (see Section 5.13 and Sec- 
tion 5.14 there) one then checks that there exists e > such that one can write: 

^Piz,z')K{S^){z,z') = pIpUK{P,R'){z,z') 

with (x, s) K{R'){x, s,y,y') induces an element of 

One then gets easily the Lemma. □ 

Finally, one can show, proceeding as in ^Tj (Lemma 11.2) that the following lemma holds: 

Lemma 6. For each e > 0, each m > and each k > the inclusion 

(16) x^i/™+V)..r(^' E) ^ i7,>(^),^r(M, E) 
defines a C°(T) T-compact operator. 

End of the proof of Theorem^ It is an immediate consequence of the previous lemmas. 
More precisely, we can consider 

(17) IND„(Z}+) = [p-p,] G iro(K(i/,™ o(^),^r)) 
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where 




and where is a parametrix as above with rests S±. These index classes are all compatible 
through the natural isomorphisms 

Our index class Ind(D^) G Ko{C^{T) xi,. F) is defined as the image of any of these index 
classes under the natural isomorphism 

We observe that Connes' index class IND(D+) G Kq{C*{M, JF, E)) is obtained by using the 
K-Theory isomorphism KQiJL{H'^^Q^^j^^^-^)) ~ Kq{C*{M, T , E)) induced by the isomorphism 
of algebras K{H^^o^j,-^^^-p) ~ C*{M,T,E), see subsection 12 .51 

Remark. It would be interesting to know whether the index class we have just constructed 
can be recovered using a pseudodifferential calculus on a suitable groupoid. Recall that for 
a single manifold with boundary, this is indeed possible. See for example jSHj, j^ - 

4. Rapid decay 

4.1. Virtually nilpotent groups and the rapidly decreasing algebra. 

In the rest of the paper we shall make the following hypothesis: 
Hypothesis B. The group T is virtually nilpotent. 

Following ^ we shall now introduce a dense subalgebra T°° of C^{T) F with 

C°°(T) X F C T°° C C°(T) x^ F . 

Let us fix a word- metric on F, || ||, and let 

= {/ : F ^ C I VL G N, sup(l + HD'^lfii)] < oo} 

7er 

be the rapidly decreasing algebra in C*(F), a Frechet algebra. 
Definition 3. We define T°° as 

r~ := C°°{T,B^) . 

Elements in T°° can be written as ^ where the sum is now infinite but with the 
functions t^ satisfying the condition 

(18) sup,,^,,gr 0^7l(^)(l + Il7ll)'^] < oo, ViV G N 

together with all their covariant derivatives. 

Definition 4. Let d he the distance on M associated with the lift on M of an ordinary 
metric g on M. Fix zq G M. Then C^oo{M , E) is defined to be the subset of the elements 
s G C°°{M, E) such that for any G N and multi-index a: 

sup(||V"s(z)||(l + ci(z,zo)n <+oo 
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where V denotes a T— invariant covariant derivative. The space C^oo{dM , E^g^) is defined 
similarly. 

Lemma 7. Both C^^{M,E) and C^^{dM ,E^q^) are left T"^- modules. 

Proof. We assume that E is trivial. Let s G C^oo(M,E) and let t = ^t^7 e T°°. We 
define the module structure as follows: 

{t-s){z) ■.= Y,h{Az)){l ■ s){z) . 

We need to check that 

(19) VA^gN, sup |(t-s)(z)|(l + rf(2,Zo))^ < oo 

and similarly for the covariant derivatives. In order to check ()19|) we fix one p G N such 
that ^(1 + II 7 II) ~^ < oo. As r is of polynomial growth such p always exists. Let G M, 
then fix Cat > such that: 

for ||7|| < \s{z ■ 7)1 < Cm{1 + d{z, ^0))'^"^ 

sup \ s{z)\ < Cn, sup 1^7(6') I < Cat 

^GM eeT,7er 



V7 G F, sup|t^(^)| < + ||7|I^"^-P 

Then one has: 



•-7\ 

6»eT 



II II d{£^ |U||>^(£i£0l ^ "^"'^ 

II nii 2 II 'II- 2 

<0^5^(l+||7||)-^<oo 
7Gr 



Moreover 

Y \tMmi-sizm + diz,Zo)r < Y CUl + diz,zo))-^< 

I II ,d(£^zo) d(z,zo) 
I 711^ 2 II 'II- 2 

y — ^)^' < 00 

7er II ' II 

This proves ()19p : for the covariant derivatives the argument is similar. The proof for 
C^oo{dM , E^Q^) is the same. The lemma is proved. □ 
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4.2. The refined 6-index class. 

Once the rapidly decreasing algebra T°° is fixed, we can define the rapidly decreasing 
6-calculus with bounds ^^6^'^-°° where 

Operators in ^E'^'^oo are not of compact F-support but have precise asymptotic properties 
with respect to the F-action. The definition is somewhat technical and can be found in 
Appendix A (Section [T21). 

Operators in the rapidly decreasing calculus have natural mapping properties. First of 
all, an element in ^'^7-00 defines a T°°-linear endomorphism of C^oo{M, E). Moreover the 
following proposition holds: 

Proposition 3. // F is virtually nilpotent and P G then P : _f/'^J'[?^^^^^p(M, 

c^(T)yirT^-^ ■> ^) «s hounded for each A; G Z. 

Next we consider K G \E'^^'''(M, E)VJ'^^'^£{M , E). Using the fact that ii' is a F— equivariant 
family and that the estimates in Appendix A hold, one checks easily that K defines 
a T°°-linear endomorphism of H^ac{M, E). Moreover, if ii' G '^^'^''^{M, E) then K sends 

H^r^ (M, E) into p'H^r^ (M, E). 

Finally, proceeding as in [211 (see Section 5.16) and as in |27j (Theorem 4), one proves 
the following composition rules. 

Proposition 4. For any e > 0, the spaces ^^^£{M , E) and "^^^'^{M , E) are two sided 
modules over the small calculus \E'^^oo(M, E); moreover \E'^^'''(M, E) is a two sided-module 
over'^~^'^£{M,E). Both (M,i?) and ^^^'"{M , E) are algebras and we have: 

%^£(M, E) o ^1^£(M, E) = %^£(M, E) + ^^~'^(M, E). 

We shall need the following 

Proposition 5. Let = {D^{9))0^x T -equivariant family with boundary operator Dq = 
{Do{9))o^T satisfying Hypothesis A. Then there exists G ^I'fJ'^oo such that 

(20) g+D+ = Id -S+ , D+Q+ = Id -S- , with G ^^^'^ 

Proof. We just need to observe that the correction term in the construction of the true 
parametrix (see (fT3j) ) is rapidly decreasing. However this is an immediate consequence 
of finite propagation speed estimates, exactly as in Proposition 1.5 and Proposition 
9.1. □ 

We are now in the position of defining a refined index class. 

Definition 5. Let = {D^{6))0^t be a T-equivariant family with boundary operator 
Dq = {Do{9))g^T satisfying Hypothesis A. We define its index class in Kq{'^^'^'''{M, E)) by 

(21) Indroo(D+) = [p- po] G Koi^r^^'iM, E)) 
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where 

[S^D+ I -Si J ' ^0 l) 

Remark. There is an injection 

J : vI/^-'^(M, E) ^ KiLlcoiT).AM, E)) 

and the index class defined in subsection 13.41 is simply the image of Ind7-°°(-D+) under the 
morphism induced by J in K-theory. 

Remark. Let F be an arbitrary finitely generated group. In the closed case Gorokhovsky 
and Lott defines a subalgebra C°°(r, B^) of C°(T) xi F by imposing an exponentially rapid 
decay on the coefficients appearing in ^ t^j. They can then construct the algebra of 
rapidly degreasing smoothing operators and prove the existence of a refined index class in 
the K-theory group of such an algebra. 

One might wonder why this program cannot be implemented on a manifold with boundary. 
The reason is once again in the construction of the true parametrix and more precisely in 
formula (jl5j) . where the resolvent family of the boundary operator appears. One needs 
a notion of rapidly decreasing pseudodifferential operators containing the resolvent of the 
boundary operator, uniformly in A. At the moment it is only for the groups of polynomial 
growth that we know how to define such a notion. 

5. Noncommutative differential forms and higher eta invariants 
5.1. Noncommutative differential forms. 

We consider Lott's space of noncommutative differential forms Q^{B^) (see j22] or [T7] 
page 22 for a definition). We then make the following 

Definition 6. For any non negative integers k and I we set: 

where f2'^(T) denotes the Frechet space of smooth k— differential forms overT and ® denotes 
a complete projective graded tensor product. We also set: 

Q^(T,B^) = Ilk^ieN^k,i(T,B^). 
Elements in Qk,i{T, B^) are given by sums 

X^«5o,9i, -,9f(^)fi'oc^5'i ■■■dge 

with cxg^^g^^... ^g^{6) fc-forms on T which are, in addition, rapidly decreasing, together with 
their 6'-derivatives, with respect to ||(7o|| + ■ ■ ■ + lls'fcll- Using Lemma ITHl and the fact that F 
is virtually nilpotent one shows that f2o(T, B^) may be identified with T°° . 

We let an element g of the group F act on a form uj G VL*{T) by considering the puUback via 
the diffeomorphism defined by the action of g. We observe that f2*(T, B^) has a bi-module 
structure over T°°; this is described by the following rules with u denoting an element of 
C°°(T) and M7 e r°°: 

( a^godgi ■ ■ ■ dgi) ■ u-f = {go ■ ■ ■ gi)* {u)a®godgi ■ ■ ■ dg^ 
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M7 ■ ( a^godgi ■ ■ ■ dgi) = u'y*{a)^'ygodgi ■ ■ ■ dgi. 
Moreover VL^.{T, B^) is a Frechet algebra whose product is defined by the following rules: 

(22) {a®godgvdgi)-{(3§-fod-fi---d-fp) = {-ly-^^f^^aAigo-'-giTiP) ^godgvdgaod-fv-d-fp 

where a and (3 are homogeneous differentials forms on T. We then introduce, following [Hj, 
the following space which will be the receptacle for the super-traces: 

this is a space of noncommutative differential forms modulo the closure of the space of graded 
commutators. We endow f^*(T, B^) with the natural differential and we get a complex whose 
homology is denoted H^(T, B^). 

This homology does not coincide with the topological noncommutative de Rham homology 
H^{T°°) of (see 0), simply because VL^{T,B^) does not coincide with f]*(r°°). But, 
as we shall see later, there is a natural map from fi*(T°°) to fi*(T, B^) . 

5.2. Operators with differential forms coefficients. 

Following P (see also [T7| page 26), we give the following 

Definition 7. We denote by 

Hom^oc ( C^oo (iV, F) ■ Qk^i{T, B^) C^oo (iV, F) ) 

the set of left i7*(T, B^) — linear operator K acting on Vt^^iT, B^) ®t-oc C^oc{N, F) and send- 
ing any F G C^oo {N, F) to KF defined for any z & N by: 

{KF){z)= ^ dgi- ■■ dgi I Kg^^,„^gXz,w)F{w)dVol^-n^.^g^...g^)-i){w) 
where 

k 

■.{z,w)eNxN^ /\{T:^.)T) ® Hom(F^ , F,) 

vanishes for tt{z) ■ {gi ■ ■ ■ gi)^^ 7^ tt{w) and defines a smooth section on 

{iz,w)eNxN\ n{z) -{gi--- gi)-' = n{w)}. 

Moreover, we require the following decay estimates: for any fundamental domain A of N, 
any integer p > 1 and any differential operator P G Op (A^ x^r A^) 

sup ^[d{zgi ■ ■ ■ gi,A) + \\g2\\ H h Hfi-^H + d{w, Agi^)Y\P^,a,Kg^^...^gXzgi ■ ■ ■ gi,w)\ 

is finite. 

The algebra of differential operators Op {N x^^N) acting on C°°{N x^^N , FKIF*), which 
appears above, is obtained by considering manifolds with empty boundary in Definition ITHl 
in Appendix A. 

Remarks. 

1) The T°°— linearity is a strong assumption imposed on K and on the Kg-^ ^ ^g^. It does not 
seem easy to characterize the T°°— linearity by simple formulas involving the Kg^^,,,^g^ alone. 



26 E. LEICHTNAM AND P. PIAZZA 

This fact of course already appears in the covering case (T reduced to a point, see [22]) 
when one deals with operators with noncommutative differential forms coefficients. Let us 
simply observe that the condition on the support of the Kg^^ g^ is an easy consequence of 
the rules ^ and of the CO(T) -linearity oiK. 

2) Assuming K to be T°°— linear and proceeding as for Proposition 2.3 of one checks 
easily that Definition 0] and the above decay estimate imply that K indeed sends C^oo{N, F) 
into hk,iiT, B^) C^oo(iV, F) 

3) For k = I = 0, the operator K induces a C°(T) xi^T— compact operator of L^o(7-))<|^p(A^, -^)- 

We fix a function G C^{N) which satisfies ^^g^^ -0=1. Let us denote the unit 
element of F by e. For any 9 E T, one sets as in P, STR<e>,c/(i) K{9) = 

(23) y2 {dgi ■ ■ ■ dgi)go / 0(w) Strc/(i) Kg^^...^gXwgQ^ ,w)dVol^-i(^g){w) 



g(j,...,gi&T,g(_ygi=e 



where the definition of the supertrace Strc;(i) acting on (F^)o- = F^ ® Cl(l) is recalled in 
[T7] (page 21). Moreover, Definition [7| implies that w —>■ Kg^^...^g^{wgQ^ ,w) is smooth on the 
fiber-diagonal in and, under the natural identification between F^ ~ F^n-^ {dne to 

the F-invariance of F), that Kg^^...^g^{wgQ^ ,w) belongs to /\ (T^^^^_i^T) ® Hom(Fu, , Fu,). 

Notice that STR<e>,CT(i) K G i7*(T, B"^) and that the definition of STR<e>,CT(i) K extends 
obviously to 

Hom^oo ( C^oc (iV, F) ■ Vt, (T, B^) C^oo {N, F) ) 
which we define to be equal to 

Uk,i^niiom^^{C^^{N,F);hk,i{T,B^) C^o.{N,F)). 
Notation. We shall henceforth use the following notation: 

(24) ^^.7t,b,-)(^'^) ■= ^om^^iC^^iN,F);h,iT,B^)0r^C^^iN,F)) 

5.3. The higher eta invariant. 

We fix a F— invariant horizontal distribution T^N such that 

TN = T"N ®T{N/T) 

and consider the rescaled Bismut superconnection in the odd-dimensional context (our no- 
tation follows [2ZI or [Hj): 

^Bismut ^ + V" - cr— c(r), s G M+* 

where is the T°°-linear Dirac operator introduced above, c(r) denotes the Clifford mul- 
tiplication by the curvature 2-form r of T^N and V" is a certain unitary connection. 

Then, following P, we fix a function h G C^{M) such that J^-y^r'^ ■ h = 1 on N and 
consider for each real s > the superconnection 

7er 
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which sends C^oo{N,F) into Q^{T,13^) C^oo{N,F). We recall the following rule of 
computation vahd for any u (g) f eQ^{T, B^) (g)r°° C^oo(iV, F): 

In order to state a Lichnerowicz-type formula for we introduce a few notations. Let 
{ej}^^7^ be a local orthonormal basis for Tn^^(9) and let {c*}^^^^ be Clifford algebra gen- 
erators, with (c*)^ = —1. Let {r"}Ji!\^ be a local basis of T*T and let denote exterior 
multiplication by r". 

We then have the odd- dimensional analogue of formula (4.11) of [H] : 

(25) = s'D', + F^AV)[c\ + E^d + \Y1 F^AHe'', E^] 

i,j i,a a,fi 

-s d-fi c{(r'''%) + E{d!''"'h) )7-i - ^(77' ■ /i)(7 ■ h)d-^diM)-^ 
7Gr 7,7' 

Notice that the F— invariance of the horizontal distribution T^N implies that dMs/ds is 
T°°-linear (i.e. "vertical"). Now we define exp(— B^) using Duhamel formula around Vq: 

g-B^ = e-^^o + r e-"^^'^o(Po' - B2)e(-(i-"^)^'^orf«i + 
Jo 

f e-"^^'^o(Po' - B2)e""^^'^o(p2 _ M^)e-(^-^--^)^''^ldu2dui + ... 

Jo Jo 

Now, since by Hypothesis A Vq is invertible, we may apply to K{e^^'^^"){z,w) the finite 
propagation speed estimates (see ^7] formula (2.14)). So, there exists 6 > such that for 
any a, G N one has: 

V(z,w) G iV x^iV, Vs > 1, |(D^e^''^o)|(2,ti;) < C(a, iV)(l + d(;z, ti;))^ exp(-s25). 

Of course, K{e~'^^o){z,w) = for tt{z) 7^ 7r(w). Therefore, for each s > e '^^■^0^ defines 
an element in \E'^2?(iV ; F) 

Using these estimates, one shows as in Section 3 of |T7] that the operators 

(26) e-^' and ^ e"^' both belongs to %°^^(N,F) 

uniformly with respect to s ^ +00. 

Let IZ be the rescaling operator on r2*(T, B'^) which multiplies by (2i7r)^*' a form of degree 

2p — 1 or of degree 2p. We observe that IZ commutes with the differential d of f2*(T, B^). 
We then introduce 

^<.>(^)=7^(STR<.>,c/(l)(^e-«^)). 
Proposition 6. Under Hypothesis A and B, the higher eta invariant 

2 r+oo — 

V<.> = ^ / V<.>is)ds G QAT,B^) 
Jo 

is well defined. 
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Proof. The large time behaviour is treated as in [TJj, using pHjl . Thus we just have to 
show the convergence of the integral at s = 0, but this is basically done as in the proof of 
Proposition 26 page 219 of 23 , taking into account theorem 2 in 0. □ 

Remark. In the covering case, the definition of higher eta invariant, and the proof of the 
convergence of the integral defining it, are due to Lott (see section 4 of [23] )• 

Proceeding as in 23J page 220, one proves the following: 

Proposition 7. Consider a smooth path of superconnections IBs(r), < r < 1 associated to a 
smooth path -Do(^) (0 ^ ^ ^) of Dirac type operators satisfying Assumption A. We assume 
that M{r) is obtained by smoothly varying with respect to r, the metric on N, the T— invariant 
metric in the fibers, the T— invariant connection on F, the horizontal distribution T^N and 
the function h G C^{N). Then one has the following variational formula for the higher eta 
invariant rj^^^{r) associated to Bs(r) as in Proposition\^ 

%^ = hm n STRc,,)(^e-«^«) 

dr i/tt r^o+ dr 

in VL^{T,B^) modulo exact forms. 

Remark 1. The local index theory for etale groupoids developed in jU] (Section 4) insures 
the existence of the above limit. 

6. The 6-supertrace and the higher local index theorem 

6.1. The 6-supertrace of an element in ^"b'I^^JM; E). 

In the previous section we have introduced, in the closed case, the space of rapidly decreas- 
ing smoothing operators with differential form coefficients. We have denoted this space of 
operators by vlr"" ooS^ '■> ■^)- Let us now pass to the case of manifolds with boundary and 

to the notion of rapidly decreasing 6-smoothing operator with differential form coefficients. 
There are as usual three spaces: 

depending on the boundary behaviour of the coefficients Kg^^...^g^ in the Schwartz kernel of 
the operator K := J^g^ ...gj^r^d^ ' ' ' ^gi,--,9r precise definition of these 3 

spaces in Appendix B. 

We now proceed to the definition of the 6-supertrace and its properties. We fix a function 
(f) € C^{M) which is constant in the normal direction near the boundary and satisfies 

As in Section 01 let us fix a P— invariant trivialization u G C°°{dM, N+dM) of the normal 
bundle and x G C°°{M) a P— invariant boundary defining function for dM such that dx-v = 
1 on dM. For any function / G C~(M x„ M) we set for any 6* G T, 

(p{w)f{w,w)dVol^-,,Q.{w) 
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lim [ / (f){w)f{w,w)dVol^-^g){w) + log e (j){w)f{w,w)dVol9.^-i(^e){w)] 

^^0"^ Jx>e Jdw-^e) 



Now, for given (kj) G N we consider a particular element K G '^,^\rr„ooS^; E) thus 



where A{,(^) denotes the lifted diagonal of vr ^(^^) in the associated 6— streched product. 

with Schwartz kernel of the form 

K{z,w)= ^ dgi- ■ ■ dgiKg^^...^gXz,w) 

9i,-,9;er 

where for any G M x M, Kg^^...^gj{z,w) G /\'^{T*^^^T) ® Hom{Ew, E^) and vanishes 

for 7r(z)((7i ■ ■ ■ (7/)"^ 7^ 7r(w). Then we state the following 

Definition 8. For any 6 & T we set 

'STR^ey{K){9) : = 

^ (dgi ■ ■ ■ dgi)go / (l){w)StrKg^^...^gXwgQ^, w) dVol|^(u7) 

go,-,gier,go-9i=e ^bie) 

Then ^STR^e>iK) defines an element of ^1^{T,B^). 
Of course, this definition extends to any element of „ac A^ 

Remark. The previous definition is also valid for any K G "^^"^^ AM ; E) but in this 

case the regularized integrals in the above definition are in fact ordinary integrals because 
the indicial family of K vanishes identically. 

Then, as in ^Tj (see Proposition 13.5) one gets the following commutator formula 

Proposition 8. For any K,K' belonging to ^ (M ; E) one has: 

'STR^,y[K,K'] = ^ [ STR{-^IiK,X)oI{K',X))dX. 

// we replace K by a differential operator G Diff ^ (M, E) and K' by the composition of 

K' with an element of the calculus with bounds \E'^'^oo(M, i?) then the same commutator 
formula is valid. 

Now we fix a F— invariant horizontal distribution T^M such that 

^TM = T"M ®^T{M/T) 
and, as in [H] and [27j (section 9) we consider the Bismut superconnection 

Kf''^''' = si) + V" - — c(r), s G M+* 

4s 

where V is the Dirac operator introduced in Lemma ^ c(r) denotes the Clifford multiplica- 
tion by the curvature 2-form r of T^M and V" is a certain unitary connection. Then, as in 
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^] we fix a function h G C^{M) constant in tlie normal direction near tlie boundary sucli 
tliat J^-yev 1 ■ h = 1 on M and consider for each real s > the superconnection 



, Bismut 



7er 



which sends C^^ (M, E) into n*(T, B^)®r^C^ac{M , E). By developing in a straightforward 
way a T°°-6— heat calculus as in J7] (section 10) one sees easily that e"^^ G *^r-(^ ; E) 
for any s > 0. Moreover, using a Duhamel expansion around e~'^^^^ one checks that for any 
s > 



Now as in j2Zj (section 10) we consider for any s > the induced boundary superconnec- 
tion 



As 

with Dq the boundary Dirac operator of D. Then according to Proposition El the higher eta 
invariant 

^<e> = / STR^^^^cmi -T^e-^' ) ds G f],(T, B^) 

Jo ""5 

is well defined. Next we recall from Section 2 of the definition of the following connection 

^can 

V/ G C^iM), V™"/ = / © J] ^7 ® hi-f-^ ■ /). 

Then (V'^"")^ acts on C^{M) as left multiplication by a 2— form B which commutes with 
C^{M) X r. Explicitly, 

e = 5^rf^(7 ■ h)d^r' - J2 (77' ■h){i- h)d^diM)-\ 

7er 7,7'er 
Then put ch(V™"') = e~^, this Chern character lies in 

(27) n~ e+j^ (M) 01]'=+' (cr) . 

Observe that for any function i/j G C^{M, C), we may write 

ken 

where each Uk belongs to the algebraic tensor product Q* {M)^Q* (CT) and is of total degree 
k. 
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6.2. The short time hmit. 

Now we may state the higher local index theorem whose proof proceeds along the line of 
the proofs of Theorem 2 of [9|, ( see also Theorem 13.6 of ^\ for the 6— part ). 

Theorem 2. 

lim nC ST R^,>e-^') = I 0l(V^^) ch(V^) ch(V™") ea(T,i3^) 

«^o+ Jz 

where Z denotes the typical fiber of rr : M ^ T and where we recall that (f) E C^{M) 
denotes a function which is constant in the normal direction near the boundary and such 
that ^^gp 7 ■ (/) = 1 

Recall now that M is endowed with a foliation JF whose leaves are the images by the 
covering map p : M — > M of the fibers of vr : M — > T. Then, let $ be a closed graded trace 
of degree n on the graded algebraic tensor product J2k+i=n^'' i'^)®^'' ('^^) ■ -^^ proposition 
2 of we may write $ = J2k+i=n'^k,i where Tk^i G CkiT) ®C^{V) {Ck(T) denoting the set of 

currents of degree /c); we shall assume that $ extends as a closed graded trace on n*(T, B^). 
We shall now show that associated to V'^"" and $ there is a well defined current cj^ on M. 
First, by pairing with respect to the F— variables the Chern character associated to V"^"" 
and we obtain an element 

< ch V""" ; $ >r e n*{M) ® C,{T) ■ 

then since vr : M — T is a fibration we can associate to any uo ® j3 E VL*{M) ® C^{T) an 
element u ® it*{(3) of Q*{M) O C*(M). Observe now that C^M) is a module over Q*{M). 
Summarizing we can define 

A: ^]*(M)®c,(^) ^a(M). 

by A{uj (g) (3){X) = vr*(/3)(A A uj). Thus A{< ch ; $ >r) is weU defined as a current on 
M and it is, moreover, F— invariant. We denote by the induced current on M. Recall 
that p denotes the covering map p : M ^ M. Thus, by the very definition of ujii>, one has 
for each a G VL*{M): 

<a]ujq> >=< (t)p*{a) ; A{< ch V™" ; $ >r) >; 

we refer to the proof of formula (j31|) below for the independence of the right hand side of 
the above formula on the choice of satisfying ^^gp7 -0=1. 
Summarizing, we may state the following corollary: 

Corollary 1. Let ^ be a closed graded trace on il^,{T,B^) concentrated in the trivial con- 
jugacy class. Then there is a current on M such that the following formula holds: 

< J 0l(V^^) ch(V^) ch(V""") ; $ >=< l(TJ^) ch(V^) , > 

where on the right hand side the pairing is the one between currents and differential forms 
on M. 
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Proof. We write: 

< / l(V^^)ch(V^)ch(V"''") ;$>=<(/. l(V^^)ch(V^); A(<chV'=""; <l>>r) > 

where on the right hand side the pairing is the one between currents and differential forms on 
M. Next we observe that A (V^'^) ch(V^) is a F— invariant differential form on M, it is then 

the pull back by the covering map M M of A{TT) ch(V^). We then get immediately by 
definition of u^: 

< A{TJ^) ch(V^) , w$ > = < (j)A{V^^) ch(V^) ; A{< chV™" ; $ >r) > • 
The Corollary is thus proved. □ 

Example 1 . Let us describe u;$ when T = {pt}. Then we are dealing with a single Galois 
covering T —>■ M —>■ M, with M orientable. If $ is a graded closed trace on Q^{B^) and A 
is a smooth form on M then 

VA G n*{M), w$(A) = [ AA < Lj, $ > 

with < u;, $ > equal to a smooth differential form on M, see |2S1- Therefore, in this case, 
is simply the integration against < tu, $ >G Q*{M). 

Example 2 . We now describe u)<s, in another simple example. Assume that the F— equivariant 
fibration vr is trivial, n: M = MxTh^T and that the quotient M/F is a smooth compact 
manifold with boundary. Consider a F— invariant measure on T (since F is of polynomial 
growth such a measure always exists). We define $ by: 

(28) VH = ^a,(e)7 gT- = (]o(T,S°°), $(H) = /.(a,). 
Thus 

(29) $ = /i ® 4 

with Se the trivial cyclic 0-cocycle on B^. Since ch V'^'^"' belongs to the space ()27p and the 
component of chV'^'^"' living in fi°(M)(8>f2°(CF) is identically equal to 1, one checks easily 
that A{< chV™"; $ >r) = /i o vr* where tt^. denotes the integration in the fibers. Thus 
a;$(a) = /i(7r*(0p*(a))). Recall now that the fibers of n : M = M xT ^ T induce a foliation 
^ on M = and that induces an invariant transverse measure, still denotes fi, on 

(M, JF). Let be any function belonging to C^{M, [0, 1]) such that J2-yer 7 ■ = 1 on M. 
Then the Ruelle-SuUivan current RS on (M, JF) associated to the transverse measure /i is 
given by: 

Va G C°°(M, A*T*M), RS{a) = /i( / p*(a)0) 

Jm 

where p : M ^ M denotes the covering map. Summarizing, in this particular case, 

(30) uj^ = RS. 

Remark. Notice that if ip is any other function belonging to C^{M, [0,1]) such that 
J2'yer'y ■ ^ = 1 on M then fj,{J-^p*{a)(t>) = ^{J^p*{a)ip). Indeed, using the fact that p*{a) 
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is F— invariant, that F acts by isometries on M (by fixing a F-invariant metric) and that ix 
is F-invariant, one simply writes 




End of remark. 



Now, we are going to interpret < r/<e>;$ > as an L^— type invariant. To this aim we 
consider first a closed odd-dimensional Galois covering N ^ N and the equivariant fibration 
n : N xT ^ T. We shall later apply our remarks to N xT = DM x T. We still consider on T 
a F-invariant measure /i. First we construct a L^-foliated trace on the space of F— equivariant 
families of smoothing operators acting in the fibers of tt : N T, with N = N x T. 

Definition 9. Let K = {K0)g(zT be a T— equivariant family of smoothing operators acting 
in the fibers ofir: N = NxT^T on the sections of a equivariant vector bundle F . Then 
tr K0{z, z) dVol.,r^i(^g) defines a longitudinal measure, denoted tr Kg{y,y) dVol.,^-i(^g){y) , on 

the leaves of the foliation J-' of N induced by the image under the covering map p : N ^ N 
of the fibers N x {6}, 6 & Denote still by /i the invariant transverse measure induced by n 
on {N, JF). The L'^-fi-trace of K = {Kq)q^t, denoted Tr(2),^ K , is by definition the integration 
of the longitudinal measure trKg{y,y) dVol.,^-i(^0){y) against the transverse measure fi. 

Lemma 8. For the L'^-fj,-trace of K = {Kg)Q^T the following formula holds: 

TT^2),f,K = j (J (f)trKg{z,z) dVol^-i^g))dn{9). 

Proof. Let F be a fundamental domain of for the F— action. We fix a point mg G and 
consider the transversal % of in N induced by the immersion of {mo} x T in A^. For any 
{z,9) E N \ { {Uy^rdF ■ 7) x T we consider the unique 7 G F such that z ■ •y E F \ OF and 
set ^) ■ r) = (mo, 9 ■ •y) E %. We define the restriction of x to 

{{z,9)-T, {z,9)e{{U,^rdF-y)xT} 

to be any borel map such that xii^^ ^) ' T) = (mo, 9) where there exists z G dF such that 
(z, 9) ■ T = (z, 9) ■ F. We have thus defined a borel map x '■ ^ = "^^^ ~^ % such that for 
any x E N, x{^) belongs to the leaf of x. Notice that the following family 

{trKe{z,z) dVol^^i^0){z) 

of F— invariant measures along each fiber of tt descends on and thus induces a longitudinal 
measure of (A^, JF) that we denote by 

trKe{y,y) dVol9^-^e)iy)- 

Then, by definition, (see |^): 

^^^(2),^,K = j j l^-i^{^^^^g)}){y)trKe{y,y) dVol^^i(^e){y)d^{9). 
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Using the fact that U7gr( dF ■ 7 ) is of measure zero in A^, we observe that this last integral 
is equal to 



j j lF{z)tr Ke{z,z) dVol^-^Q){z)dfi{9). 



Since J^-yer If ■ 7 = 1 on A^, we can use the same reasoning as in the proof of formula (|HT|l 
in order to replace in the previous integral li;' by 0. This proves the Lemma. □ 

We define the L^-foliated eta invariant of the family Dq as: 
1 f°° 

V{2),^i ■= —/= I V(2)At)dt with r/(2),;.(t) = Tr(2),^(£'oexp(-t2i:)o)). 
V ^ ^0 

Now, recall that ?7<e> and $ are respectively defined in Proposition IHl and formula ()28|). 
Then, by applying Duhamel's formula one sees immediately that 

I- + 00 I' P 

v/^<^<e>;$>= J J {J (j)trK{Doe-''''o){z,z)dVol^-^e)dt)di2{e) 

where of course K{DQe^^^^o){-, ■) denotes the (fiberwise) Schwartz kernel of Dqc'^^^o, But 
then Lemma IHl shows that 

< V<e>; $ >= V{2),f, 

Summarizing, we have proved the following: 
if $ is given by (PH|1 then 

< A{TJ^)- > < ^<e>; $ > = < A{TT); RS > -^Vi2),^. 
Remark. Recall that the measured eta-invariant r^^ of is given by: 

/r+co 
( trK{D9e-'"''o){y,y)dVol^-i(^e){y)dt)d^i{e) 

where Dq is the induced boundary longitudinal Dirac operator along the leaves of {dM, JF), 
Do being of course the lift of Dg. In general the two longitudinal measures 

trK{D9e-'"''^{y,y) dVoK-.f^e){y) ^ tr K{Doe-'"''^{y,y) dVoK-r^e){y) 

are different. So in general r/^ 7^ V{2),^l■ This is of course well known when T=point (indeed, 
on a Galois covering the L^-eta invariant is in general not equal to the eta invariant on the 
base). 

End of remark. 
End of example 2. 

Example 3. Let C be a F- invariant closed current on T. Consider $ = C ® 5^- Then, 
proceeding as in the previous example, we obtain 

= C 

with C the foliated closed current on M induced by C . 

Let us go back to the case of a general F— invariant fibration vr : M T. In order to 
prove our main result, we shall need the following transgression formula: 
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Proposition 9. Let u > t > and let ?7<e>(s) be the higher eta integrand introduced in 
Section\^ Then 

n{^STR<e> e~^') = nCSTR^e> e-^') - d / n''STR<e>{ ^^e^*' )ds+ 

Jt ds 

(32) -i^ V<e>{s)ds. 

Proof. One proceeds exactly as in the proof of Proposition 11 of [2Z], using Proposition 

El □ 

Taking the hmit as t ^ O"*" in the previous formula and using Theorem |21 one gets the 
following crucial equality in f2*(T, B^)\ 

nCSTR^.^e-^") = [ 0l(V^^)ch(V^)ch(V'='^")-^ P ^^,^{s)ds+ 

Jz 2 Jq 



(33) -d I nCSTR<e>{^e'^" ))ds. 



7. A higher APS-index theorem: the isometric case 

7.1. Isometric actions. 

In this subsection we shall assume that T is endowed with a riemannian metric such that 
r acts by isometries. This corresponds to a type-II situation; we shall deal with arbitrary 
F-actions in the next subsection. The following Proposition gives an important consequence 
of this assumption 

Proposition 10. Let us assume that the manifold T admits a riemannian metric g such that 
the group T acts by isometries on T. Then T°° is closed under the holomorphic functional 
calculus in C^{T) F. 



Proof. T°° is equal to the set of the elements Yl t-yl such that 

(34) sup,,^^,,r [\A%mil + \Mf] < oo , \/p, N E N 

where A is the Laplace Beltrami operator of T. Using the hypothesis that F acts by 
isometries and standard arguments (see (14j) one checks that this set is indeed a subalgebra 
and that is closed under the holomorphic functional calculus in C°(T) xi^ F. Alternatively, 
one may check that T°° is a particular case of a construction due to Jiang (see section 3 of 

HH). □ 

In particular 

(35) iro(r~) ^ KoiC\T) X F). 

Using the fact that T°° is dense and stable under holomorphic functional calculus and 
proceeding as in the proof of the decomposition theorem of |17j (see Theorem 12.7 there) 
we can give a very explicit decription of the index class in Ko{T°^). Briefly, we can find 
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e > 0, and £00 [resp. A/'oo] a sub-T°°— module projective of finite rank of x''H^^oo{M, E~^) 
[resp. x'H^^aoiM,E-)] such that 

(36) Ind(D+) = [£00] - Woo] in MT'^) 

Further properties of these sub-modules can be found in Appendix C. 

7.2. The APS index theorem for the groupoid T xi F in the isometric case. 

Recall that Ch(IndD+) is defined (thanks to the work of ^21) by a representative in 
fl^[T°°) whereas the 6— supertrace of the superconnection heat kernel is defined by a rep- 
resentative in f2*(T, In order to establish a connection between these two objects we 
state the following proposition whose easy proof will be left to the reader. 

Proposition 11. 

1) . By universality there is a natural morphism of algebras: 

2) . Let T = C ® M he a Z2— grafiefi projective finitely generated —module. Let V he 
a — connection of T with value in f2i(T°°) ® J-^ and preserving hoth C and M . Then 
V = (j ® Idjp) o V defines a connection of with values in f2i(T, Sp) ® T . 

3) . The two supertraces (in the algehraic sense) TZSTE!^l^e~^ and j<^e> 

coincide in f2*(T, (ie modulo graded commutators). Moreover for any T^ — connection 
Vi 0/ JF with values in fii(T°^) ® J-^ and preserving hoth C and Af, the two supertraces 
TZST R^J^lye~^^ and TZSTR^J^l^e'^^^ coincide modulo an exact form. 

Now we may state the higher index theorem for the groupoid T xi F and the properT x 
F— manifold M. 

Theorem 3. Let F he of polynomial growth and let = {D^{9))g,zT a T -equivariant family 
of Dirac operators with inverihle houndary family Dq. Then the following formula holds in 
the homology H^{T,B^) (see Section \5~l\) : 

j<e>(ChIndZ}+) = I 0l(V^^)ch(V^)ch(Vn-^^<e>G#.(T,fin 

i<e>(Ch IndD+) denotes the projection of j{Ch IndD^) on the set of differential forms 
^7o7i --7fe=e '^7or - ,7fc ® 70*^71 ' ' ' '^7fc of fl-^(T,B^) which are concentrated (with respect to the 
group variahles) in the trivial conjugacy class < e> ofV. 

Definition 10. Let ^ he a closed graded trace on il^,{T, B^) as ahove. We define the higher 
^-index of as 

Indci>(L'+) :=<j<e>(Ch Ind > . 

Corollary 2. For the higher ^-index of a V -equivariant family as ahove the following for- 
mula holds: 

Ind$(L>+) =< Airr) ch(V^) , u<^ > - < -^<e> ; $ > 

The corollary follows from the Theorem, using the discussion in Subsection 16.21 The proof 
of the theorem can be found in Appendix C. 



37 



8. A higher APS index theorem: the general case 
8.1. The Chern character of the index class. 

In the general case, when F does not preserve any Riemannian metric on T, it is not 
known whether the algebra T°° is stable (or not stable) under the holomorphic functional 
calculus in C^{T) xi ,, F. For this reason, the definition of the Chern character of the index 
class and of its pairing with a closed graded trace on f2^(T, B"^) is more involved. We shall 
devote the beginning of this subsection to a few preliminaries (following jTj and P) leading 
to such a definition. We follow the notations in [H]. 

We consider the following algebras: 

W = T°° = C°°(T,i3^), = Vt,{T,B^) 

U = ^r^'\M, , ^* = *^:^^'^^^)(M, E+). 

Using a F— equivariant complex vector bundle isomorphism: we get natural 

identifications: 

v^^~'^(M, E^) ^ M/^~'^(M, E-), ^^:^^^^.)(M, E^) ^ '^~Ci^,B^)(M, E-) 

that we shall use in this subection. Then we consider the T°°— module 8 = H^^ac{M, E) 
and (with the notations defining A^) the connection V = V" + ^^gp ^7 ® /;,7~^. Observe 
that V sends S into fii(T, B°°) ®t°° ^ and that one defines a degree one map V : i7* Q*'^^ 
by setting, for any K G Q*, V{K) = [V,K] G where [V,K] denotes the graded 

commutator. Now set 6 = V^, 6 sends £ into Q2iT,B°°) (S)r°= £ but is not given by a 
smooth integral kernel in Q*, nevertheless for any K & Q*, QK and KQ both belong to Q* 
One then checks that for any Ken*, V'^{K) = OK - KB. 

Let $ a closed graded trace on fl^,(T,B^), concentrated on the trivial conjugacy class. 
Then $ extends to a closed graded trace $ on fi*: 

$(A0 :=<l'(7^TR<e>(K)). 

The forthcoming Lemma IT^ states that for any K ^ Q*, 

n STR<e> [V, K]=dn STR <e> K modulo graded commutators. 

Thus, for any K G Q*, $(V(-ft')) = 0. Next we recall Connes' construction (^31 page 229) of 

a cycle (f2 , d, $) over U = Q^. Let X be a new odd formal variable of degree 1 and put: 

with the new multiplication rules {uJiX)u2 = uJi{Xu)2) = and (uJiX){Xu2) = ujiQuj2- Then 
define a new graded trace on Q by the formula: 

^{ui + Xu2 + ^^X + Xu^X) = ^ui) + i-lf^^^iuS)- 

Define a differential d on which is generated by the relations 
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and dX = 0. One can check that = and that ^{du) = for any u & Q . Therefore, 

[fl , d, $) defines a cycle over W = of dimension equal to the degree of Let r$ be 
cyclic cocycle of U defined by the character (see [Zj page 186) of this cycle. Let be the 
algebra obtained by adding a unit to U with canonical homomorphism vr : C. Let us 

recall how f$ induces a cyclic cocycle, still denoted t$, on W+. Set fi^ = ^2° © C = W+ and 

~o ~i 

= i7 for any k E N*. Then define c? : Q hj the formula d{ujQ © A) = duQ (ie, 

~fc ~k+l 

dX = for any A G C), the differential from to remaining unchanged for A; > 1. 

If the degree of $ is zero then r$ is a trace on which extends as a trace on by the 
formula r$(u;o © A) = r$(ci;o)- If the degree of $ is equal to n > 1 then one gets a cycle 

{fl^,d,^) over W+ which allows to define a cyclic cocycle still denoted r$ on by the 
formula: 

r<E,(c^o © Ao, ■ ■ ■ , © A„) = r$(u;o, ■ ■ ■ , ^n)- 
Consider p a projection in M2{U^) such that 7r(p) = 7r(po) where 

then Connes has defined the pairing < [p — po], [r$] > page 224) between the i^— theory 
class [p — Pq] and the cyclic cocycle rij,. We shall use the following lemma. 

Lemma 9. The operator pe^^^^^'^p — poe^^'^^^"'*^Po belongs to M2(fi*) and there exists a 
constant C(deg$) depending only on the degree of ^ such that: 

C(deg<l>) < [p-po],[r'^>] >=< 7^TR<e> (pe^^^P^'p - poe^^'^^^'^'po) > 

where the definition of TR<e> is given as in Definition simply replacing there Str by 
tr®TrM-,{c)- 

Proof. Let {Gi,j)i<i,j<2 be the basis formed with elementary matrix of M2(C). Write p = 
jPij^ij. Then recall that: 

r4Tr(j), ■■■ ,p)= Yl MPioJo, ■ ■ ■ ,Pin,jn) Tr{ et^j^ ■ ■ ■ d^j^ ). 

Next using the fact (see P just before (5.5)) that pdpdpp equals the curvature of p o V op 
one proves easily the Lemma. 

□ 

Now let P be a parametrix of then there exists S > such that 5*+ = Id —PD~^ 
and S_ = Id-D+P both belong to ^^~'*(M,E+) ^ ^^2?'^(M,E-) and, in particular, 
HS±i = 0- As in [2] (section 5) and [7j we consider the two projections p and po defined 
by: 
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Recall (see [H page 131) that the iT-theory class IndD+ G iro(^^~'^(M, ^+)) is defined 
to be equal to [p — po] . 

Being motivated by section 5 of 9J we give the following: 

Definition 11. We define Ch<e>IndZ}+ to be equal to 

Ch<e> IndD+ = 7^TR<e> (^pe^P^P^'p-poe^'f"'^P'>^'po^ . 

Definition 12. Let $ a closed graded trace on fi*(T, i3^), concentrated on the trivial con- 
jugacy class. Let $ be its extension to ^f^°^-^goo^- define the higher ^-index of as 

Ind$(D+) :=< Ch<e>(IndD+); $ > 
Lemma El shows that this definition is compatible with the one of Connes. 
8.2. The Chern character of a superconnection. 
We consider again 

V = V" + ^ ^7 ® 

and we define a new connection V' = V'"'' © V'^ acting on C^oo{M, E) by: 

V''+ = + P(Id+S_)V-D+, V'- = 

As in section 5 of [H] we consider the superconnection A(t) defined for t > by 

V''+ tD- 



Ait) 



On the one hand this connection is closely related to the operators appearing in the definition 
of the index class; on the other hand, precisely for this reason, the boundary behaviour of 
V' is rather complicated and it is a source of technical complications in the proof of our 
main theorem. 

Definition 13. For each t > we define the Chern character of A{t), with values in 
r2^,(T, B^), as follows 

(37) Ch<,> Ait) = n {TR^,^S+e-f^'^S+ + TR^,^{De'^f^'^P{\d+S^) - e^^f (*))). 



Notice that the first summand on the right hand side is an element in , thus the 



oo,S 
(T,t 



trace is well defined. A simple computation shows that the operator (-De^ ^ P(Id+S'_) — 
^*''), which a priori belongs to „^.-, has vanishing indicial family; thus the trace of 

the second summand on the right hand side also exists. 

We shall see below, in Proposition [T21 that Ch<e> A{t) is closed for t > 0. 

Lemma 10. The following formula holds: 

(38) ai<e> A(0) = Ch<e> IndP)+. 

Proof. This follows from Definition II II and formula (5.29) in [Hj. □ 

It is important to observe that for t > the noncommutative differential form 7?.''S'Ti?<e>e~"^^*^*-* 
is well defined. 
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8.3. Main theorem and strategy of the proof. 

The main result of this paper is the following higher APS-index theorem 
Theorem 4. 

1) The following formula holds in the homology H^:{T,B^) (see Suhsection \5.1]) : 

Ch<e>(IndZ}+) = I 0l(V^^)ch(V^)ch(V^'^")-i^<,> Gif,(T,S^) 

2) Let $ a closed graded trace on Vt^iT.B'^) , concentrated on the trivial conjugacy class. 
Then there exists a current on M such that the following formula holds: 

Ind$(D+) =< A{TJ^) ch(V^) , - < i^<e> ; $ > 

Strategy of the proof of Theorem HI . 

The proof of 1) can be divided into 4 steps. 

Step 1. For any real t > one has 

7^''S^i^<e>e-*' = f 0l(V^^)ch(V^)ch(V^'^") - ^ f\<e>{s)ds. 

modulo an exact form. 

Step 2. For any real t > one has 

n^STR^e>e-^'^'^ = n^STR^e>e-^' + Bi{t) 
modulo an exact form, with Bi{t) a boundary term which goes to zero as t — > +oo in 

VL^{T,B^) endowed with the Hausdorff quotient topology induced by the Frechet topology 

of h,{T,B^). 

Step 3. For t > one has 

Ch<e> A{t) - n''STR<e>e-^''^'^ = B2{t) 
with B2{t) a boundary term going to zero as t ^ +oo. 
Step 4. For any real t > 0, 

Ch<e> A{t) = Ch<e> A(0) (= Ch<e> IndD+) 

modulo an exact form. 
Final step. 

First of all, one deduces 2) from 1) exactly as explained in the proof of Corollary 

In order to prove 1) we proceed as follows: by Step 4, Step 3, Step 2, Step 1 we have for 

each t > 0, modulo exact forms, 

Ch<e> IndD+ = Ch<e> 

= 7^'5T/^<e>e-*? + Bi{t) + B2{t) 

= /"0l(V^^)ch(V^)ch(V^'^")-^ /" ^<e>(s)rfs + 5i(t)+52(t) 

Jz Jq 
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with Bi{t) and B2{t) additional boundary terms that go to zero as t — +00. The index 
formula thus follows by taking t +00. This finishes the sketch of the proof of the main 
theorem. 

We shall not use the following result but it is interesting (and reassuring) in itself. 

Proposition 12. For each real t > 0, Ch<e> A{t) is closed. 

Proof. (Sketch) Lemma IT^ implies that 

dn^STR^.^e'^' = n^STR^e> [V, e"**] =n^STR<^> [V - A^, e"*']. 

Using PropositionlSland the fact that Dq is invertible, one checks (after an easy computation) 
that 

lim Tl^STR<e> [V - At, e"*?] = 0. 

So lim^^+oo dTZ'^ ST R^e>^~^t = and, Steps 2 and 3 imply that lim^^+oo dCh^e> A{t) = 0. 
The Lemma is then a consequence of Step 4. □ 

9. Proof of the main theorem 

We shall first prove Step 3. We shall then give a detailed proof of Step 4; this is the most 
intricate step and will require 4 lemmas. Then we shall only sketch the proof of Step 2, 
since it is similar to Step 4 but simpler. Notice that Step 1 has already been proved. 

9.1. Proof of Step 3. 

We consider the noncommutative differential form 

(Notice that it would be more rigorous to write 

n^TR^^^D+elf-'^P -n^TR^^yelf^'^PD+ 

instead of 7?.^Ti?<e> [D^^^it ^^''P] as the operators involved are not endomorphisms but 
rather homomorphisms from the section of to the sections of E^. ) 

Lemma 11. For each real t > one has: 

Ch<e> A{t) = n^TR^e> [D+,elf^'^P] + n^STR<e>e'^'^'^ ■ 

Proof. It is a simple computation using the definition of S± and the fact that the indicial 

family of {Dcii ^*''P(Id +5*-) — ^*'') is identically zero. The easy details are left to the 
reader. □ 

Using Proposition IHl an easy computation shows that: 

Lemma 12. 

(39) 7^^Ti^<e>[D+,e^f^*^P] = -— 7^Ti?(e-(^e)'-*'^o / e-*'^'(Do + v^A Id)-i dA ). 

27r Jjj 
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Lemma 13. As t ^ +00 

(40) 7^Ti?(e-(^9)'-*'^o [ e-''^\Do + V^\ld)~UX) -^0 
in the space of noncommutative differential forms il^,{T,B^). 

Proof Since Dq is invertible, the following finite propagation speed estimates (see [221 page 
215) are valid. There exists 6 > such that: 

(41) \fs>l,^{y,z) edMx^dM, \e-''^o\(y^ z) < C{N){1 + d{y, z))-^e-''^ . 
Now, using Duhamel's formula, we may write: 

Jo 

f e-"o*'^o(-(V9)2)e-"^*'^o(-(V^)2) ■ ■ •e-"'=*'^oc/a(«o, ■■■,u,) + ... 
where denotes the A;— simplex: 

k 

Ak = {{uo, ■■■ ,Uk)e [0, ^ u, = 1}. 

i=o 

It is clear that for any (uq, ■ ■ ■ ,Uk) G A^., at least one of the Uj satisfies Uj > Observe 
moreover that standard finite propagation speed estimates allow to show that the Schwartz 
kernel of {Dq + v^^AId)"^ is rapidly decreasing outside the diagonal. Using the estimates 
(jH}, one checks easily that 

Kk{t) = [ e-^»*'^<'(-(Vg)2)e-"^*'^o(-(V9)2) ■ ■ ■ e-"'=*'^ocia(no, ■■■,«,) + ... 

belongs to the space of Definition [7| and that the supremum constants (for Kk{t)) of the last 

line of Definition [7| are lower than Ce 2fc+2 . For a bit more details the reader may read the 
proof of Theorem 2.9 of J7]. One then gets immediately the Lemma. 

□ 

Step 3 follows from the above three lemmas. 

9.2. Proof of Step 4. 

The following lemma appears implicitly in the literature, we feel it is appropriate to give 
a detailed proof. We thank Sasha Gorokhovsky for useful explanations. 

Lemma 14. Let K he an element of '^"'^ {M; E) . Then 

^5Ti?<e> [V, K] = d^STR^^y K 
modulo graded commutators where we recall that V = V" + Xl-ygr '^7 ® h'~f~^ . 
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Proof. Recall that the differential d of f2*(T, Sp) may be written as d = dT + dr where 
dr [resp. dr] is the differential corresponding to Q*(T) [resp. fl*{B^)]. The fact that 

<e> K is basically proved in |27j . So we have to prove that 
^STR^e> [A, K] = dr ^STR^^:^ K where we have set A = J^^^^r ^1 ® h-f-\ 

To shorten the notations we write K{z, w) = ^^u^i^y where it is understood (as in 
section that u = dgi ■ ■ ■ dgk where gi, . . . , & T . We set 7ri(a;) = gi - ■ ■ gk- Since K is 
(graded-)f2*(T, linear, we observe that KA can be written as (-l)!"^! ^^^^ d-f-f-^uK^W 
where K^^W denotes the kernel K^{z,w)h'^{w) and W{w) = h{w ■ 7) . Now using the def- 
inition of the action of the connection A on acting on f2*(r, S^) ®r°= C^oo{M, E) , one 
sees that AK can be written as ^{—ly^^cud'j'j^^h'^ K^^, where h^K^ denotes the kernel 
W{z)K^{z,w). 

Let H be an operator (not necessarily T°°— linear, such as AK or KA) given by a Schwartz 
kernel H{z,w) of the form H{z,w) = C;fZ'i(z, w) where it is understood that uj = 
godgi ■ ■ - dgk and such that the H^{z,w) satisfy the decay estimates of Definition QUI Then 
we set for any 6 & T: 

TR^e>H{e) = Y,um{u)-'''J HUw7r,{u),w)<j){w)dVoll-r^s)H 

where 7ii{uj) = g^gi ■ ■ ■ gu- 

Notice that in the formula expressing KA we have ^77"^ = —'~f~^d'~f. Hence for any 9 eT 
we get: 

TR<,y[K,A]{e) = 5^(-l)Ht;^^-Wi(cu)-i y (t>{w)K^{wT:i{uo),w)h\w)dVolU(e){y^) 
y^u;(j77~Vi(c^)~^ j (p{w)h'^ {wiTi{uj))K^{wTTi{u) , w)dVol''^-i(^g^{w) 



■y,uj 

and modulo graded commutators this equals to 



'^ujTCi{uj) M77 ^ (l){w)K^{w7ri{uj),w)h^'{w)dVoll-^g-^- 

7,0; 

'^ujd'y'y~^iTi{uj)'^ / (l){w)h'^{wni{uj))K^{wTCi{Lu),w)dVoll^^Q-j 



The second term, after the renaming 7' = 7ri(ti;)7 (then replace 7' by 7) can be written 



as 



^ujd{ni{uj) ^7)7 ^ / (l){w)h'^{w)K^{wni{uj),w)dVoll-i(^Q-j 

7,w 

J2^dMiu)-')^ I (t){w)h\w)K^{wTXi{u:),w)dVot-^(^e) + 
7,0; 

^u;7ri(u;)~"^rf77"-^ j (f){w)h'^{w)K^{wTTi{uj),w)dVoll-i(^Q 
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Hence TR^,:,[K, A]{9) = - ^^^^ a;ci(7ri(^)-i) / 0(w)/i^Hir^(wi(a;), w)ci\/o/t-i(,) = 
(-l)l^l+MT/?<e>(K), as J2jer = 1 and d{uj7ii{uj)-^) = {-iy^\ud7ri{uy\ □ 

Now we recall from formulas (5.25) and (5.26) of [9^ that modulo operators with vanishing 
indicial families we have the following two identities: 



(42) A'it) 



(V''+)2 + f-D-D+ t[V''-, D-] + t(V''+ - V''-)D- 
D+{{V^+y + t^D-D+)P 



-(V''+f-t^D~D+ 2, 



e 

£,(,-(y''+?-t^D-D+ p 



(43) e-^'W E 
with Z given by 

Lemma 15. The following formula holds: 

^7^'5Ti?<e>e-^'w = -7^'5Ti^<e>[A(^),A'(^)e-^'W] 

Proof. Using Duhamel formula and Proposition |H1 one gets: 

-n'STR^.y [A{t),A'{t)e-^'^'^]- 

(44) ^nSTR^,^ 1^1;^^'""^'^'^' ^^^^1^'^'^' ^))^«^^- 
Due to the definition of V we have: 

/2(V''+, A) = {i\ + Do)-i(V^)2(a + Do). 
From ()42p and ()43|) one gets the two following formulas: 

n^^^W,Aj-|^ 2Dlt + 2tX^ 

(A^) ^rp-"^^W- A^ - f^'^ + /^o)-^e-((^a-)^+«*^^o^+«*^A^) + 
Then, a little computation (using the two previous equations) allows to see that: 

-^7^5T/^<,> /(|:^(^""^'^*^' A)/(e"(^'")^'(*); A))rft.rfA = 
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27r iffi io 

Computing a little more one gets: 

Then, using lemma IT2l and Duhamel formula, one gets that: 
2vr Jr Jo 

Then, from the two previous equations and from ()44|1 one obtains the Lemma. □ 
Lemma 16. The following formula holds: 

Proof Using the very definition of A{t) one gets: V}'STR<e> [A{t), A' {t)e-^^^^^] = 



Now using the definition of V and ()45j) (with u = 1) one gets: 

/(A'(t)e~^'W;A) = 





therefore Proposition |H1 shows that 



|./(V''+-V+;A) 



Now using Proposition IHl and ()45|) (with m = 1), a simple computation shows that: 

- / 7^^i^<e>^z^oe-(^a■)'-*'^o-*'''rfA. 

TT Jr 
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Lastly, Lemma ITU shows that: 

The Lemma is proved. □ 
By combining the definition of Ch<e> ^(^) and the Lemmas IT^ and ITHl one gets 

(46) ^Ch<e>A(t) = |(7^^Ti^<e>[/^+,e^f ^*^P]+7^'5Ti^<e>e-^'^*)) = 



As observed in section 5.2 of [9 , 7V'STR^e> (^^+ ^ ^ ^ "^'^^^ integrable at t = 

but we are going to show that we can add an exact form to it so that the sum does become 
integrable at t = 0. To this aim we shall need the following Lemma: 

Lemma 17. For any reals s > and v > one has: [V~; e"''*^^*-^ )'^+d+d ) j _ 

_ r ^-(s-u)(viv~r+D+D-) [V-, ^(V-)2 + Z}+Z}-]e-"(-(^-)'+^+^-) du. 
Jo 

Proof. Let us fix > 0. Then one checks easily that X{s) = 

Jo 

satisfies + f(V~)^ + D~)X(s) = and that lims^o+ -^(s) =0. By a uniqueness 
argument one then gets the Lemma. 

□ 



modulo an integrable function at t = 0, TV' ST R^e> ( n+ ^ ) ^ equal to 



Now, following section 5.2 (and especially formulas (5.31) and (5.32)) of [H] one sees that 

D- 
D+ 

i Jo 

But applying Lemma [T7| with s = t'^ and v = ^2 and using a linear change of variables to 
replace Jg by one sees that the previous term is equal to 

Hence, using Lemma IT^ one deduces that modulo graded commutators 

is integrable at t = 0. Therefore, having in mind (0^1); one sees that we may write (up to 
graded commutators) that for any t g]0, 1], ^ Ch<e> A{t) = dF{t) where t F{t) belongs 

C^([0, 1]; i7*(T, B^)). Since t Ch<e> A{t) is continuous at t = one obtains Step 4. 
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9.3. Proof of Step 2. 

The proof of the Step 2 consists in the analysis of a transgression formula for the homotopy 
uAf + (1 — u)A{t) (0 < M < 1) as t — * +00. One takes care of the details by using similar 
techniques as the ones used in the proof of Step 4 given above and also in section 14 of jTTj. 

10. General etale groupoids 

We follow Section 6 of 0|. Let G be a smooth Hausdorff etale groupoid with units 
G^'^\ recall that the range maps r : G — > G^^^ and the source maps s : G — >■ G^^^ are 
(by assumption) local diffeomorphisms. We shall assume that G^^-* is a smooth compact 
manifold possibly with boundary and that G^^-* is endowed with a riemannian metric g . 
Notice that the pull back by the map s : G ^ G(°) of g defines a riemannian metric on G, 
we shall denote by A the corresponding Laplace Beltrami operator on G. 

We consider a fiber bundle a : L ^ G*^°^ such that each fiber Lg = a~^{9) is a complete 
length space with metric dg. We assume that G acts iso metrically, properly and cocompactly 
on L. Let i : G ^ L be a G— equivariant map {i is not necessarily continuous) sending Gg 
into Lg for any 9 G G^'^^ We assume that the preimage by i of any compact set of L has 
compact closure in G and for any compact subset K of G^^^ (c G), i{K) has compact 
closure. One defines a length function on G by 

V7GG, /(7) = 4(,)(^(s(7)),*(7)) 
where we recall that 7 and 3(7) belong to Gs(^). Moreover we assume that 

(47) 3G, NeR-^^ee G^°\ #{7 e Gg/ l{-f) < R} < G(l + Rf. 

This assumption is the generalization of the hypothesis " F virtually nilpotent" in the case 
G = T XI r, we recall that Section 6.1 of [Hj explains to which extent these assumptions 
generalize to G the ones made for T x F. Now we are going to define a smooth sub-algebra 
T°°{G) of C*{G) which is the analogue for G of T°° for T x F. We fix a Haar system in G. 

Definition 14. We denote by T°°{G) the sub-algebra of C*{G) whose elements are the 
functions f G G°°(G) such that for any p,q E N : 

sup((l + /(7) + /(7-'))^ |AV(7)I) < +00. 

7GG 

Remark. The fact that T°°{G) is an algebra is a consequence of the estimates: /(7 ■ 7') < 

Now for each n G N, we denote (following [9 ) by G*-"-* the set of n— chains of composable 
elements of G: 

Gin) ^ 1^^^^ . . . ^ e G" : .(71) = r(72), ■ ■ ■ , 3(7„_i) = r(7„) }. 

Then, for {m,n) G N^, we denote by f2'"'"(G) the subset of sooth differential forms 
LU G 1]'^(G("+^)) such that for any p, g G N: 

Vp, q G N, sup ((1 + /(70) + ■ ■ ■ + /(7n))'' I AP^(7o, ■ ■ ■ , 7n)|) • 

(70,---,7n)eG{"+i) 

Then we denote by r2*(G) the quotient of Flm.nGN ^'"(G'-"^^-') by the set of differential forms 
which are supported on {(70, ■ ■ ■ ,7n) £ G^"'~^^\ 7^ isaunitfor some j }. 
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Now we consider a smooth G— manifold with boundary P (see section II. 10. a of That 
is, first of all, there is a fiber bundle tt : P ^ whose fibers are manifolds with boundary 
which are transverse to dP and of dimension 2k. Given 9 E G^^\ we write Zg = n~^(9). 
Putting 

P Xc(o) G = {(p,7) ePxG: pe 

we have a map P y<Q(o) G ^ P, denoted (p, 7) P7, such that G and (^71)72 = 
^(7172) for any (71,72) G G^'^\ We assume that P is a proper G— manifold, ie that the map 
P Xq(o) G ^ P X P given by (p, 7) — > {p,p~i) is proper. Then the groupoid Q = P x G 
with underlying space P Xq^o) G, with space of units Q^^^ = P and maps r{p,'j) = p and 
■5(^,7) = PI, is a proper groupoid. We also assume that G acts cocompactly and freely on 
P, equivalently ^ is a free and cocompact groupoid. Let us fix G G^{Q^^^) (constant in 
the normal direction near the boundary) such that for all 9 G Q^^^ 

E ^(^(^)) = 1- 

Then we recall that Gorokhovsky and Lott defined a connection 

^can . C^^giO)^ ^ ^l(^) ^^^^^^ G^iG^^y) 

of the form V'^'^" = V^'^ © V^-^ where for any F G G^iG^^'^), Vi'°(P) G n^G^^'') is the de 
Rham differential of F and V°'^(P) G n°'i(^(°)) ®c-(e) C^°°(^^°^) is given by 

V7o^^(°\ (V°'i(P))(7o) = P(r((7o))M^(7o)). 

Now we assume that the 2/c— dimensional fibers n^^(9), 9 G G^^^ carry a G— invariant 
spin structure and that there exists a G— invariant smooth family of 6— metrics on the fibers 
n-\9), 9 G G(°). We denote the typical fiber of vr by Z and by = {S^)+ © (5^)" ^ P 
the associated (Z2— graded) spinor bundle. We consider also a G— equivariant complex 
hermitian vector bundle V ^ P endowed with a G— invariant 6— hermitian connection V 
satisfying Vxd^ = on the boundary dP. We then set = S"^®^ = ® E~ which defines 
a smooth family of Z2— graded hermitian Clifford modules in the fibers tx^^{9)^ 9 G G^'^\ 
Then we get a smooth family of G— invariant Z2— graded Dirac type operators 

acting fiberwise on G^(P, E). Moreover in a collar neighborhood (~ [0,1] x dn^^{9) = 
{{x,y)}) of d'n-^^{9) we may write: 

D+{9) = a{xd, + Do{9)) 

where Dq{9) is the induced boundary Dirac type operator acting on 

G'-{di.-\9),El ). 

In the rest of this paper we shall make the following 

Hypothesis A There exists a real e > such that for any 9 G G^'^\ the L^— spectrum of 
Dq{9) acting on Li^ {d-n'^ {9) , E^ _ ) does not meet ] — e, e[. 
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We set 

C^^(G)(P, E) = T°°{G) ®c?^G) C^{P, E), C^^^G)idP, E) = T^{G) ®cTiG) C^{dP, E^ap)- 

As in Section 121 the {D{6))q^q(o) [resp. {Dq{6))q^q{o) ] induce a a left T°°(G')— hnear endo- 
morphism oi C^^^^^{P,E) [resp. ^^^(^^(SP, E)]. 

Now we fix a G— invariant horizontal distribution P such that 

brpp ^ rpHp ^ brp^plJ,^ 

and, as in and [2ZI (section 9) we consider the Bismut superconnection 

(48) pjsismut _ ^ y« _ — c(r), s e M+* 

s As 

where D is the T°°(G)— linear Dirac operator introduced above, c(r) denotes the Clifford 
multiplication by the curvature 2-form r of T^P and V" is a certain unitary connection. 
Then, as in [|] we consider for each real s > the superconnection 

A, = Af + V°'^ 

which sends C^o^^q^{P, E) into VL*{G) ®r^(G) C^oo(^Q^iP, E). By developing in a straightfor- 
ward way a 6— heat calculus as in [T7j (section 10) one sees easily that e~'^^^^ G \I'jJ"^oo((^)(P ; -E') 
for any s > (the definition of this space is completely analogous to the one given in Section 
12)). Moreover, using a Duhamel expansion around ^ one checks that for any s > 

e"^^evI/-^)(P;E). 

Now as in j2ZI (section 10) we consider for any s > the induced boundary connection 

B, = saDo + V°'^ 

where Dq is the boundary Dirac operator of D introduced above, is a certain unitary 
connection and c((9r) is the boundary connection of c(r). We fix a function G C^{P) 
which is constant in the normal direction near the boundary such that 

VpGP, Yl '^(^'7) = 1- 

Such a function was used in Sections El and El in the definition of the higher super traces. 
Then proceeding as in the proof of Proposition El we can show that the higher eta invariant 
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-oo 



^<e> = -=n / 5tpct(i)( -7^e-"= ) ds G n:,iG) 

'n In ds 



is well defined where ^2*^(6*) denotes the quotient of Q*{G) by the closure of the space 
generated by the graded commutators. The differential of Q*{G) allows to endow Q*f^{G) 
with the structure of a complex whose associated homology will denoted by if*(i7*j(G')). 

Now we may state the higher local index theorem whose proof proceeds along the line of 
the proofs of Theorem 2 of jH], Theorem 13.6 of J7] and of Theorem |21 
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Theorem 5. 

lim 7^''5Ti^<e> e"*' = [ A (V^^) ch(V^) ch(V""") e QUG) 

s^0+ Jz 

where Z denotes the typical fiber of n : P ^ T and the connection V'^"" is defined in the 
section 6 of 

Corollary 3. Let ^ be a closed graded trace on n*^(G') concentrated in the trivial conjugacy 
class. Then there is a current uj<^ on M such that the following formula holds: 

< [ A (V^^) ch(V^) ch(V^"") ; $ >=< l(T^) ch(V^) > 

Recall we assume that the quotient M = P/G is a. smooth compact manifold with bound- 
ary, it inherits a foliation whose leaves are the image by the map P ^ P/G of the fibers of 
thefibrationvTiP^G^o). If we assume that G^^^ admits a G— invariant riemannian metric 
g then we may state for the T°°(G)— linear operator a result completely analogous to 
Theorem El so that the index class lndD~^ is well defined in Kq{T°°{G)). The higher index 
Ind$(D"'") associated to a closed graded trace on Q*{G) is defined as in Definition ITUl In 
this general case, proceeding as in Section [71 we obtain the following analogue of Theorem 

m 

Theorem 6. Assume that G^^^ admits a G— invariant riemannian metric g, then: 

• By universality there is a natural morphism of algebras 

j:n*{r^{G))^n:,{G). 

• The following formula holds in the homology groups H^,{Q*f^{G)) : 

j<e>(Ch IndZ}+) = f 0l(V^^) ch(V^) ch(V^'^") - i^<e> G H,{n:,{G)). 
J z 

• Let $ denote a closed graded trace on Q*{G). Then 

Ind$(D+) =< A{TJ^) ch(V^) ,uj^> - < ^i7<e> ; $ > . 

In the general case (i.e. when G^^^ does not admit any a G— invariant riemannian metric) 
we define Ch<e> IndD+) G fi*j,(G) exactly as in Definition [T^ 

Then, we have the following Theorem whose proof is completely analogous to the one of 
Theorem El 

Theorem 7. 

1) The following formula holds in the homology H^,{Q*f^{G)) (see Section \5~l\) : 

Ch<e>(IndD+) = I cl>A{V^^)di{V^)ch{V'n-\v<e>eH.{ni,{G)) 

2) . Let $ a closed graded trace on fi*^(G), concentrated on the trivial conjugacy class. Let 
$ be its extension to \E'o!f/5^\. Then one has: 

Ind$(D+) :=< Ch(IndD+) ; $ >=< A{TJ^) ch(V^) , > - < ^^<e> ; $ > 
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11. Applications to foliations 

We give an application of the previous theorem to a class of foliations. Let {Y, JF) be 
a foliated manifold with boundary where the leaves of are transversal to the boundary 
dY and of dimension 2k. We assume that the holonomy groupoid of {Y, JF) is Hausdorff, 
that ^TJF 

carries a riemannian 6— metric and that admits a leafwise spin structure, we 
shall denote by S^^ the spinor bundle. Moreover, we consider V ^ Y a complex hermitian 
vector bundle endowed with a hermitian connection. These data fix a 6— Dirac type leafwise 
operator D acting on the sections of V^S^^. Let H denote the holonomy groupoid of {Y, JF) 
and let s : H ^ Y denote the source map. By lifting D to H we get a if— invariant Dirac 
type operator on H still denoted D. We shall denote by Dq the boundary operator on dH 
of D and assume that there exists e > such that for any y e dY, the L^— spectrum of Dq 
acting on L'^{ds~^{y) , (V S-^)\Qs-^(y) ) does not meet ] — e, e[. Then one may associate to 
D an index class lndD+ G Kq{C*{H)), following an argument of [7], we are going to use a 
complete transversal T and the associate etale groupoid = G so as to interpret (via a 
Morita equivalence invariance argument) \n.dD^ as an element of Kq{CI{G)) and to apply 
to it Theorem El In fact we need to make the following assumptions: 

1 ) There exists a smooth compact submanifold (possibly with boundary) T of y which 
defines a complete transversal of {Y, JF) and we denote by G = the etale groupoid formed 
of the elements of H having their extremities in T. 

2) Set P = Ht = s~^(T). We assume that the restriction denoted vr = S|p : P ^ T is a 
fibration over T. 

3) Denote by i the inclusion G Ht = s~^{T) and set L = P = s~^(T) and a = s\p. 
Recall that for each 7 G G, ^"^(5(7)) = Gs{-y) is a complete length metric space. Then we 
define a length function Z on G by setting for any 7 G G, /(7) = ds{-y){i{s{'y)),i{'y)). We 
then assume that (P7j) holds. 

With these assumptions we consider the algebra T'^{G) and the space Q*{G) as defined 
previously. 

Let denote the Haefiiger integration map from Q*(Y) to Q*{T)/V where V denote 
the sub- vector space of Q*{T) generated by the differential forms u — h{uj), h E G. Then 
Theorem ini implies the following 

Theorem 8. Let t he a holonomy-invariant closed transverse current of (F, JF); it induces 
a closed graded trace on f2*(G) still denoted t. Denote by t its extension to ^^?°(^)- 
then have: 

< Ch lndP)+) ; r >=< [ A{TJ^) ch(V^) ; r > - < i^<e> ; r > . 

12. Appendix A: the rapidly decreasing 6-calculus 

In order to define the rapidly decreasing 6-calculus we introduce as before an auxiliary 
metric ^ on M for which M and F (F viewed as a metric space with respect to the word- 
metric) become quasi-isometric. The metric g is simply the lift to M of an ordinary metric 
on M. In the sequel we denote by d{-, ■) the distance function associated to g. 
Let (3t, : [M M, B] — >• M M be the blow-down map associated to the fiber-6-stretched 
product. 



52 



E. LEICHTNAM AND P. PIAZZA 



We consider the fibration n : M M ^ T. Let {Uj)i<j<i be a finite open cover of 
T such that for each j e {!,...,/}, the fibration -k : M M ^ T is trivial over Uj. 
For each j e {!,...,/} let us choose a trivialization Xj '■ ^ Z x Z x Uj where Z 

denotes the typical fiber of tt : M — > T. Let Xj be any smooth vector field on Uj C T with 
compact support on Uj, we still denote by Xj the induced vector field on Z x Z x Uj, then 

Xj{Xj) defines a differential operator acting on C^{M x^^ M , E M E*. Moreover, for any 
p, g G N the family of fiberwise operators D'^{9) (resp. D'^(9)) defines a differential operator 
D^i{-) (resp. D'i{-)) acting on any Schwartz kernel K{z,w) G C°°{M x^M , EME"-) by the 
formula: D^i{-) ■ K{z,w) = Dp{t:{z)) o K{z,w) (resp. Dp{-) ■ K{z,w) = K{z,w) o D'i{T:{w))). 

Definition 15. ^ ^ 

1. We shall denote by ''Op (Mx^M) the algebra of differential operators acting on C^{MXt^ 
M , E^ E*) which is generated by all the above operators Xji^j), Dp{-), -D*(-). 

2. We shall denote by ''Op {[Mx^M,B]) the span over C^{[M x^M,B]) of P^C'Op {M x^ 
M) where (5* denotes the lift of the blow-down map P^^. 

Definition 16. Let T be virtually nilpotent and let P G \E'^^(M, i?). We shall say that P 
is rapidly decreasing outside an e-neighborhood of the lifted fiber- diagonal in M x„ M if for 
each Q G*" Op([M x^r M,B]) and any q & N we can find a constant Cg^g > such that 
Vp G [M x^ M, B] such that d{z, z') > e where {z, z') = P-^ip) 

\Q{Kp){p)\{l + d{z,z')y<CQ,g. 

Definition 17. The elements in ^'^_^(M, E) which are rapidly decreasing outside the lifted 
diagonal form a subalgebra which is, by definition, the rapidly decreasing algebra "^Ij-ooiM, E). 

Definition 18. We denote by H^^^{M,E) the subset of the elements s G H^^^^{M,E) 
such that for any (p G C^(M) and any integers p,q eN: 

sup ( (1 + 1 17| 1)^1 10 (7 • s) Wh^^m^e) ) < 

where Hi p ( Af , E) is defined using F— equivariant b— differential operators of order < q acting 
on C°°{M, E) (nevertheless, notice that the sections ^ (7-5) have compact support in suppcf). 

We shall now enlarge the algebra ^-oo {M, E) and define the rapidly decreasing 6— calculus 
with bounds 

**;^^(M, E) := %^rAM, E) + %^£{M, E) + ^^~'^(M, E) . 
Definition 19. 

1. We denote by ^^'^'"{M , E) the set of left T"^ — linear operators acting on H^^{M, E) 
defined by: 

s^ f K{z,y)s{y)dVolUie) = K{s){z) 
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where the Schwartz kernel K{z, y) G p;^p^^if^iQ^(M M, E M E*) is T— invariant and such 
that for any operator P G ^Op (M x^^ M) and any p G N; 

(49) sup i?P||lrf(,,j,)>« (P(p-^X6'^(-. ■) )\\Ll{Mx^M,EmE') < +^ 

2. Proceeding as in Remark\^ one can define the space of operators "^^^^{M, E) by con- 
sidering the doubled space Vhf{[M x M,B]) and the T-invariant elements of 

H^Wl^,fi[MxM,B]y,iEME*)„) 
satisfying estimates analogous to \49{ ). 

13. Appendix B: 6-smoothing operators with differential form coefficients. 

Let e G (0, 1) and let 

C»(bf) = {pe[Mx^M,B] \ d{(3^{p), B)<e}. 

In 0{hf) the variables r = x + x' and r = {x — x')/{x + x') together with the boundary 
variables (y, y') (see ^ Ch. J^) canbe used. We set C(bf) := [M x^ M, S] \ C(bf) and we 
identify it with its image in M x^ M under the blow-down map (3-,^. 
We shall now give a precise definion of the 3 spaces: 

AM;E), ^-'^'^ SM;E) ^1°^'^ SM;E) 

Definition 20. For any {k,l) G N x N, ^,T1roo,(^; E){k,l) denotes the set of left 
il^,(T, B^) -linear operators: 

Q,{T, B^) H^roo{M, E) Q,{T, B^) H^to^{M, E) 
whose Schwartz kernel K can be written in the form 

K{z,w)= ^ dgi- ■ ■ dgiKg^^...^g^{z,w) 

where for any {z, w) e M X M, Kg^^...^gX^,w) G A (^;(,)^) ® Hom{E^ , E,), vanishes for 
'K{z){gi ■ ■ ■ gi)^^ ^ 7t{w) and is such that 

defines an element in ^~I^'^{M,E), the extended fiber-h- calculus with bounds. We require 
these kernels to satisfy the following estimates: 

1] If C(bf) := [M x^ M; B] \ 0{hf) then for any fundamental domain A of M, for any 
P G^ Op (M Xjr M) and any integer p > 1 

sup [d{zgi ■■■gi,A) + \ \g2\ \ + ■■■ + \ \gi\ \ + d{w, Ag^^)Y\P^^u,Rlfg,,..,gA,e)Kgu-,gi\ 

C(bf) 

is finite. 

2] For any P G Op {dM x.^ DM) and any integers p, qi,q2 G N, we have 



sup [diyg, ■■■gi,A) + Wg^W + ■■■ + \\gi\\ + d{y\Ag^^)Y\Pdl^drRl^g,,.,g,),e)K, 

0{hi) 



gi,---,gi I 
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is finite. 
3] We set: 

-00,5 



4] Proceeding as in Section one defines in a similar way ^5°°^ roon(^ ! -^)- 

5] The space '^7'^ ^.c^S^ ^) is defined as in 1], 2] above but with C^oo{M,E) appearing 
instead oi H^^^(M,E) and with the kernels in ^-^^{ME). 

14. Appendix C: a proof of theorem El 

In this section we shall give a proof of Theorem IHl The proof is quite parallel to the proof 
of Theorem 14.1 of (T7J so we shall only sketch the main lines of the proof. Notice that since 
[T7j deals with n^'/it-modules there is in ^\ a grading T in front of the Lott's connection, 
whereas here, since we deal with left T°°— modules there is no such grading T. 

First of all we need the following decomposition theorem: 

Theorem 9. We can find e > 0, £00 [resp. Moq] a suh-T°° —module projective of finite rank 
of x'^Hj^^ooiM, E^) [resp. x^H^q-oc{M, E^)j with the following properties: 

1) Coo is free and D^^C^o) C A/'oo- 

2) As Frechet spaces: 

£00 Ci = x'H^r^iM, Moo ® D+{Ci) = x'H^r^M, E"). 

3) The orthogonal projection Hc^ of H^^^{M,E^) onto C^o and the projection Tij\f^ of 

H^T-^{M,E') onto Moo along D+{C^) are operators m ^^S?''(M,E). 

4) As Banach spaces 



( C\T) X, T®r^Coo)®{ C\T) V Coo^ ) = LIc,(t)>,A^^ ^) 

( C°(T) X,, r Moo ) © (CO(r) x,,r®r- D+{Coo^)) = //,;^o(T)>,^r(^' E). 

5) The operator 

: Coo^ D^iCoo^) 
is invertible for the Frechet topologies; the induced operator 

: CO(r) X,, r Coo^ C%T) X,. r®r» D+{Coo^ ) 

is invertible 

6) The operator (D^)^^ o (Id— P^oo) belongs to 

As a consequence of the Theorem we immediately obtain: 

IndD+ = [Coo] - [Moo] e K,{T°°) ~ K^{C\T) x, T), 

as already stated in subsection 17.21 

With the notations of Theorem El we set: 

n+ = H^r^ (M, E+) ®Moo = Ci®Coo®Moo 

n- = H^r^ (M, E-) ®Coo = D^iCi) ® Moo® Coo 



55 

Then we define, for each real a > 0, the operator IZ^ : Ti^ by: 

nUf®n) = {D+f + an)®aUc^f 

where / G C-^ © Coo and n E Moo- 
Next we define the operator 71^ : by: 

T^aig © = (D'g © «0 © aU^^g. 

where g G H^^^{M, E~) and Z G £oo- Finally we define: 

7^: 



7? 

Now we set J^^o = -Coo ©A^oo and we define a T°°— connection V on jF^o by compressing 
Ki — D + \c{t) by © n^v'oo = n^^^. Then we observe that for each real m > 

{K-uD®VrJ+una, 
defines a super connect ion operator on Ti and we set: 

Clearly we have: 

(50) 'cKAEr^) = n'STR^,:, e"^') - 7^(''5Ti?<e>^^^e^^^^^^^) 

Now using Theorem El 3] one sees that 

From Theorem IHl 3] we get 

J<e>(ChIndD+) = J<e>(Ch([/:oo])-Ch([Ar„o])). 

By using Proposition ^2 3) and carrying out a tedious computation we prove easily the 
following lemma 

Lemma 18. 

The previous lemma and Proposition 1111 thus imply that 

j<,>(Ch([/:oo])-Ch([Arj)) = nSTR^^^U^^e-^'^^U^^ eH4T,B^). 
From the last three equations we deduce that 

i<,>(ChindD+) = 7^5Ti^<e>^^^e-^^^^^^ G:ff,(T,s~). 

Hence from equations (jHSl) , (jSOl) and the previous one we get j<e>(Ch Ind D"*") = 
(51) 

/ 0A(V^^)ch(V^)ch(V^"")-- / ?j^e>{s)ds-d / nCSTR^,A—^e-''"))ds-'cKo{Er^ 
J z Jo J 
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We shall prove TheoremlHlby taking the limit u — > +00 of the right handside of the previous 

equation and showing that ^ch^ o(-E'r°°) — ^ modulo (if2*(T, Sp) as u ^ +00. Now, as in 
[T7] pages 100 and 101 one can show that 

(52) ^cKAEto^) - ^ch„,o(^r-) G dh,{T, B^) 

If a is large enough then TZ^ : Ti.^ Ti.^ is invertible and its inverse belongs to the 
b — T°°— calculus with bounds. Thus for a > large and m > 1 we consider the following 
connection on ?-^"*": 

V„,H+ = iKy' ° (A« -uD® V:rJ\n+ o K. 
Then we define a new connection Vu,h on H by setting 

V„,w = \/u,n+ © -(A„ -uD® V^^)|H- 

The two superconnections Vu,h and A„ — uD © Vjc-^ are of course homotopic through the 
path of connections parametrized by -i? G [0, 1]: 

+ (1 - ^?)(A„ -uD® V^J. 
Now, proceeding as in [17J pages 102-103, one first proves that, modulo dil^,{T, B^): 

''cKAEt^) = ''7^STi^e-(^-«+"^'^)' + B2{u,a) 
Then, still as in !ITj pages 102-103, one proves that 

lim ^7^5Ti^e-(^">«+"^")' = 0, lim B2{u,a)=0. 

M— » + 00 M— » + 00 

Theorem El is then a consequence of the equations (|52| . (|5T| and of the three previous ones. 
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